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Abstract:We study the dependence of supersymmetric partition functions on con-
tinuous parameters for the flavor symmetry group, GF , for 2d N = (0, 2) and 4d
N = 1 supersymmetric quantum field theories. In any diffeomorphism-invariant
scheme and in the presence of GF ’t Hooft anomalies, the supersymmetric Ward
identities imply that the partition function has a non-holomorphic dependence on
the flavor parameters. We show this explicitly for the 2d torus partition function,
ZT 2, and for a large class of 4d partition functions on half-BPS four-manifolds, ZM4—
in particular, for M4 = S3 × S1 and M4 = Σg × T 2. We propose a new expression
for ZMd−1×S1, which differs from earlier holomorphic results by the introduction of
a non-holomorphic “Casimir” pre-factor. The latter is fixed by studying the “high
temperature” limit of the partition function. Our proposal agrees with the super-
symmetric Ward identities, and with explicit calculations of the absolute value of the
partition function using a gauge-invariant zeta-function regularization.
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1. Introduction
In this paper, we explore intriguing properties of supersymmetric partition functions
in even space-time dimensions.1 In two dimensions, we consider the T 2 partition
function of 2d N = (0, 2) supersymmetric theories, or elliptic genus [2]. In four
dimensions, we consider the S3 × S1 supersymmetric partition function, which com-
putes the N = 1 supersymmetric index [3, 4].2 In both cases, the partition functions
depend non-trivially on some continuous parameters:
ZT 2(ν, τ) , ZS3×S1(ν, τ) . (1.1)
Here, there is one “flavor parameter,” ν, for each U(1) current, with
∏
α U(1)α the
maximal torus of the flavor (non-R) symmetry group, GF , of the field theory. The
parameter τ , on the other hand, denotes a “geometric parameter,” corresponding to
the complex structure modulus of the torus in 2d, or to a complex structure modulus
on S3 × S1 seen as a Hopf surface [6]. This setup preserves two supercharges of
opposite R-charges, Q and Q˜.
Through a number of explicit computations—see in particular [7, 8, 9, 10, 11]—,
it was found that these supersymmetric partition functions are locally holomorphic
in the complex parameters ν and τ . Moreover, there is a simple a-priori argument
for the holomorphy of (1.1), which is that the anti-holomorphic parameters, ν¯ and
τ¯ , couple to Q-exact operators in conserved-current supermultiplets [6].
The holomorphy of (1.1) in the flavor parameters ν, however, clashes with gauge
invariance whenever the flavor symmetry, GF , has non-vanishing ’t Hooft anomalies.
To see why, consider the effective action for the quantum field theory coupled to a
background gauge field for the flavor symmetry:
W [a] ≡ − logZ[a] , (1.2)
Z[a] =
∫
[Dϕ] e−
∫
ddx(L0[ϕ]+aµjµ+··· ) ,
1For a review of exact results for supersymmetric partition functions, see e.g. [1].
2We will focus on the q = p limit of the three-sphere index. We will also consider a more general
class of generalized indices, replacing the S3 with Mg,p, a degree-p circle bundle over a Riemann
surface of genus g [5].
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where the ellipsis denotes additional couplings designed to make the full classical
action gauge-invariant. A ’t Hooft anomaly is a violation of the gauge invariance of
the effective action (1.2) which cannot be removed by a local counterterm.3 Under
a gauge transformation δαaµ = Dµα, with α = α(x) a gauge parameter, it takes the
form:
δαW [a] = iAF
∫
Md
α ωd(a) , (1.3)
on any d-manifold Md (with d even), where the real d-form ωd(a) is local in the
background gauge field. The form ωd is universal and well-known, in any dimension
and for any compact Lie group GF . The coefficient AF ∈ Z in (1.3) depends on the
particular theory; in UV-free theories, it is determined by the flavor charges of the
chiral fermions.
The crucial aspect of (1.3), for our purpose, is that it is purely imaginary, given
a real background gauge field aµ. Therefore, the absolute value of the partition
function, |Z|, is gauge invariant, as in the well-known case of free fermions. In fact,
we expect |Z| to be invariant under both small and large gauge transformations,
provided we work in a scheme that respects the consistent anomaly equation (1.3).
(This expectation will also be borne out by explicit computations.)
On the other hand, the absolute value of a supersymmetric partition function
that would be truly holomorphic in the flavor parameters cannot be fully gauge
invariant and consistent with (1.3). Consider, for instance, the supersymmetric par-
tition function on S3 × S1. It depends on the background U(1) gauge field through
two real parameters, which we denote by at and aψ. They correspond to holonomies
of the gauge field through the S1 factor and through an S1 Hopf fiber γ inside S3,
respectively:
at =
1
2π
∫
S1
a , aψ =
1
2π
∫
γ
a . (1.4)
The complex flavor parameter ν is defined in terms of these real parameters as:
ν = τaψ − at . (1.5)
The parameter at is only defined modulo the identification at ∼ at− 1 (equivalently,
ν ∼ ν + 1), which corresponds to a large gauge transformation along the S1. Under
it, the S3 × S1 partition function computed in [10] transforms as:4
IS3×S1(ν + 1, τ) = eπi
(
Aqqq
τ2
(ν2+ν+ 13)−
Aq
6
)
IS3×S1(ν, τ) . (1.6)
where Aqqq and Aq are U(1) ’t Hooft anomalies (cubic and mixed U(1)-gravitational,
respectively). Since the whole object IS3×S1(ν, τ) is holomorphic in ν, its absolute
3See, for instance, section 2 of [12] for a nice and detailed discussion of ’t Hooft anomalies.
4There are additional contributions to these anomalous transformations from mixed anomalies
between the flavor group and the R-symmetry, which we will discuss further in the main text.
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value is clearly not—and could not be—gauge invariant under the large gauge trans-
formation ν ∼ ν + 1.
A completely analogous puzzle arises in the simpler case of the torus partition
function, ZT 2(ν, τ), of a 2d N = (0, 2) gauge theory. The explicit localization result
of [7, 8] transforms non-trivially under the large gauge transformations ν ∼ ν + 1
and ν ∼ ν + τ , and its absolute value is not gauge invariant. It is also interesting
to study modular transformations of the torus; we expect the absolute value of the
partition function to be modular invariant, which is not the case of the explicitly
holomorphic answer for the elliptic genus.
The holomorphy of supersymmetric partition functions in the flavor parameters
follow from a supersymmetric Ward identity [6, 13], as already mentioned. We have:
∂
∂ν¯
W (ν, τ) = 〈J 〉 = 〈{Q, j˜}〉 = 0 , (1.7)
schematically. Here, the operator J , which happens to be the supersymmetry vari-
ation of a fermionic operator j˜, is the component of the conserved current jµ that
couples to the anti-holomorphic parameter ν¯. In that last equality, we then use the
fact that the expectation value of any Q-exact operator vanishes. Thus, we seem to
have a tension between:
(i) Gauge invariance of the absolute value of the supersymmetric partition function
ZMd, whenever the flavor symmetry has ’t Hooft anomalies; then, ZMd should
be compatible with the anomalous GF gauge variation (1.3).
(ii) Holomorphy of the supersymmetric partition function in the flavor parameters,
which follows from supersymmetry according to (1.7).
In this paper, we resolve this apparent contradiction. The resolution is based on the
fact that, whenever we insist on working in a diffeormorphism-invariant scheme,5 the
GF ’t Hooft anomalies induce specific quantum corrections to the supersymmetric
Ward identities, which are determined by the Wess-Zumino consistency conditions.
As a consequence, the relation (1.7) is modified, and the partition function acquires
a non-holomorphic dependence on the flavor parameters, that is precisely as required
to make its absolute value gauge-invariant.
These quantum corrections to supersymmetric Ward identities, also referred to
as “supersymmetry anomalies,” were studied long ago in [14, 15], and more recently
in [16, 17, 18, 19, 20, 21, 22]. They follow from an anomalous transformation of the
effective action:
δζW 6= 0 , (1.8)
5Such a scheme always exists in four-dimensions. In 2d, we might have a gravitational anomaly.
Our discussion can be generalized to that case as well.
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where δζ denotes a supersymmetry variation in the Wess-Zumino (WZ) gauge [23]
for the background vector multiplet. This requires some explaining, however, to
avoid possible confusions. First, the anomalous supersymmetry variation (1.8) does
not appear with any new anomaly coefficient; instead, the non-vanishing value of
δζW is entirely determined by the bosonic ’t Hooft anomalies for the flavor currents.
Secondly, one can understand (1.8) as a consequence of working in the Wess-Zumino
gauge, as explained e.g. in [24]. Recall that, in the WZ gauge, the supersymmetry
transformations themselves depend on the (background) gauge field, because they
are defined as the “bare” supersymmetry transformation, δ
(0)
ζ , plus a compensating
gauge transformation, δΩ(ζ), namely:
δζ = δ
(0)
ζ + δΩ(ζ) . (1.9)
Here, δΩ(ζ) is a specific supersymmetric gauge transformation whose chiral-multiplet-
valued gauge parameter, Ω(ζ), depends explicitly on aµ. In this language, the super-
symmetry variation (1.8) follows from:
δ
(0)
ζ W = 0 , δΩ(ζ)W ∝ AF 6= 0 , (1.10)
as we will explain in detail—in this language, (1.8) is a straightforward consequence
of the ordinary ’t Hooft anomaly in the presence of supersymmetry. Of course, our
physical conclusions below must be the same in any gauge; it is merely convenient to
fix the WZ gauge from the start, as usually done in the discussion of supersymmetric
partition functions.
In general, the supersymmetric Ward identity (1.8) receives contributions from
both the “flavor sector” and the “geometric sector” (in particular, from the U(1)R
symmetry ’t Hooft anomalies). The background gauge fields for the former sector
sit in vector multiplets, while the background fields for the latter (including the
U(1)R gauge field) are part of a supergravity multiplet.
6 In this work, for simplicity,
we focus on the flavor sector and, thus, on the consequences of the flavor ’t Hooft
anomalies in the presence of supersymmetry.
’t Hooft anomalies and supersymmetry
Let us then study supersymmetric partition functions with backgrounds vector mul-
tiplets in the Wess-Zumino (WZ) gauge [23]. Any background vector multiplet, VF ,
has components:
VF = (aµ , λ , λ˜ , D) , (1.11)
in WZ gauge (in 2d or 4d), with λ, λ˜ the gauginos. Then, the supersymmetry varia-
tion (1.8) of the effective action takes the schematic form:
δζW = AF
∫
ddx
√
g ζΨ(λ, λ˜, a) , (1.12)
6The geometric-sector contributions to δζW can be understood as arising from fixing the WZ
gauge in supergravity, similarly to the flavor sector contributions.
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where ζ is a supersymmetry parameter of R-charge ±1 and dimension −1
2
, and the
coefficient, AF , is the same ’t Hooft anomaly coefficient that appears in (1.3). The
local function Ψ(λ, λ˜, a) in (1.12) must be fermionic and of engineering dimension
d+ 1
2
; in particular, it is at least linear in the gauginos (it is quadratic in the vector
multiplet in 2d, and cubic in 4d). This term was first computed long ago [14, 15],
while a systematic analysis in 4d N = 1 theories was recently carried out in [22].
In the WZ gauge for VF , the existence of the anomalous supersymmetry variation
(1.12) is implied by the Wess-Zumino consistency conditions for the anomalies [14]:
[δα, δζ ]W = 0 . (1.13)
Since the supersymmetry variation of the gauge anomaly (1.3) is non-trivial:
δζ(δαW ) 6= 0 , (1.14)
it follows that δα(δζW ) 6= 0, therefore δζW itself must be non-zero. Alternatively,
one can simply compute (1.12) by fixing the WZ gauge, as in (1.10).
We then study δζW on a fixed geometric background—more precisely, a fixed
supergravity background a` la Festuccia-Seiberg [25]. We will consider the torus in
2d, and half-BPS four-manifolds M4 in 4d [26, 27]. For instance, for 4d N = 1
theories, the cubic ’t Hooft anomaly:
δαW =
iAqqq
24π2
∫
M4
α f ∧ f , (1.15)
for a U(1) flavor symmetry, with f = da the field strength of the background gauge
field aµ and Aqqq ∈ Z the cubic anomaly coefficient, implies:
δζW = −Aqqq
24π2
∫
M4
d4x
√
g
(
ǫµνρσζσµλ˜ aνfρσ − 3iζλ λ˜λ˜
)
, (1.16)
which happens to take the same form as in flat space [14].
The “gauge-invariant,” non-holomorphic partition function
In this work, we distinguish between two distinct expressions for the supersymmetric
partition function on Md:
(i) The “gauge-invariant partition function,” which we will generally simply call
“the partition function,” and denote by Z(ν, τ). Here, by “gauge-invariant,” we
mean that |Z(ν, τ)|2 is completely gauge invariant. This partition function is
computed in a diff-invariant scheme compatible with the ’t Hooft anomaly (1.3).
(ii) The “holomorphic partition function,” which is the one studied so far in the
literature. We denote it by I(ν, τ), to distinguish it from Z(ν, τ). It is implicitly
computed in a scheme that violates gauge and diffeomorphism invariance.
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In all the examples we will consider, the supersymmetric background is of the form
Md ∼=Md−1×S1, and the supersymmetric partition function can then be computed
as an index, by canonical quantization on Md−1. In 4d, the holomorphic partition
function IM3×S1 can be understood as a generalized 4d N = 1 index, as discussed
e.g. in [28, 11, 29, 5] for a large class of geometries. For the S3 × S1 partition
function, we have the holomorphic result:
IS3×S1(ν, τ) = e2πiτE(ν,τ) IS3(ν, τ) . (1.17)
Here, IS3(ν, τ) is the ordinary N = 1 supersymmetric index [3, 4], and the function
E(ν, τ) in (1.17) is the supersymmetric Casimir energy [10, 30, 31]:
E(ν, τ) = Aqqqν
3
6τ 3
− Aqν
12τ
. (1.18)
The non-trivial large-gauge transformation in (1.6) comes entirely from the latter.7
We should compare this result to the expected properties of the “gauge invari-
ant” partition function. Working in a diff-invariant scheme, we have an anomalous
supersymmetry variation (1.12), which leads to an anomaly in the decoupling of
some Q-exact operators [16]. Indeed, consider the naive Ward identity (1.7). The
fermionic operator j˜ is precisely the operator that couples to the gaugino λ˜ in the
background vector multiplet. Then, in the presence of any non-trivial contribution
to δζW , we have:
∂
∂ν¯
W (ν, τ) = 〈J 〉 = 〈{Q, j˜}〉 = ∂
∂λ˜
(δζW ) 6= 0 , (1.19)
schematically. This “holomorphy anomaly” equation determines the non-holomorphic
dependence of the partition function on the flavor parameters ν, ν¯.
For instance, for the S3×S1 partition function, the contribution (1.16) from the
cubic U(1) anomaly to δζW implies:
∂W
∂ν¯
= −πiAqqq
6τ2
ν(ν − ν¯) . (1.20)
We should then revisit the supersymmetric localization computation of the S3 × S1
partition function for N = 1 gauge theories [10] in light of the supersymmetric Ward
identity (1.20).
Importantly, the above discussion does not invalidate the localization argument
in any way—it is still true that one can localize supersymmetric gauge theories and
7This is specific to this simple case. On spaces of slightly more general topology, such as
Mg,p × S1, there are other large gauge transformations under which the “pure index,” IM3 , also
transforms non-trivially.
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compute at the weakly-coupled UV fixed point.8 The only subtle point is that various
one-loop determinants have to be computed carefully, with appropriate regulators,
depending on which scheme we decide to work in. To compute the partition function
Z(ν, τ), we must work in a scheme consistent with the anomalous variations (1.15)
and (1.16), and with diff-invariance. We then obtain results for the one-loop de-
terminants that differ from the fully holomorphic results obtained in [9, 10]. The
non-holomorphic dependence is determined by (1.20).
We show that the absolute value squared of the supersymmetric partition func-
tion ZS3×S1 takes the explicit form:∣∣ZS3×S1(ν, τ)∣∣2 = e− 2piτ23 (Aqqqa3ψ−Aq2 aψ) ∣∣IS3(ν, τ)∣∣2 , (1.21)
with IS3 the ordinary letter-counting index, and aψ related to ν as in (1.5). This
is to be compared with the expression (1.17) for the holomorphic partition function
IS3×S1(ν, τ). Note that the result (1.21) does not admit an “holomorphic square
root,” therefore the supersymmetric partition function ZS3×S1(ν, τ) cannot be holo-
morphic. The expression (1.21) is completely gauge-invariant, by construction. Sim-
ilar formulae hold for other supersymmetric partition functions.
While the result (1.21) determines the absolute value of the “gauge-invariant”
partition function, we will further argue that the phase is also fully determined,
thanks to supersymmetry, essentially because the anomalous Ward identity (1.20)
relates the real and imaginary parts of the supersymmetric effective action.
The small-β limit of supersymmetric partition functions
We also obtain new general constraints on supersymmetric partition functions in the
case of any half-BPS manifoldMd =Md−1×S1 (for d = 2, this is the elliptic genus;
for d = 4 we have a generalized index on M3).9 In that context, we consider the
“high-temperature limit,” sending the circle radius β to zero, up to order β in the
small-β expansion:
W ∼
β→ 0
1
β
W
(−1)
d−1 +W
(0)
d−1 + βW
(1)
d−1 + . . . , (1.22)
Crucially, the effective action is expected to be local in the background gauge fields, at
each order in β, essentially because the d-dimensional theory compactified on the S1
(and with appropriate chemical potentials) is generically gapped [32, 33]. The term
of order 1/β gives the Cardy-like contribution discussed in [33],10 while the finite
8This is because the supersymmetric localization argument relies on the decoupling of Q-exact
terms in the gauge sector—in terms of dynamical gauge fields—, and the relevant Q-exact operators
do decouple because the gauge anomalies must vanish.
9In fact, our results will also be valid if the S1 is fibered non-trivially over Md−1.
10Recently, there was a renewed interest in similar Cardy-like limits in the context of black-hole
microstate counting [34, 35, 36, 37, 38] (see also [39]). We remark that our small-β limit is distinct
from the one considered in those recent references (while it is the same as in [33]).
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term essentially gives the partition function of the dimensionally-reduced (d − 1)-
dimensional theory on Md−1—see e.g. [40, 41]. We will study in detail the order-β
term, W
(1)
d−1. That term must reproduce all the consistent flavor anomalies (1.3) of
the d-dimensional theory, as well as their consequences (1.12), because the anomalies
themselves are local d-dimensional functionals, and therefore only contribute at order
β [32].
There indeed exists (d − 1)-dimensional local terms that reproduce the dimen-
sional reduction of the flavor ’t Hooft anomalies, and are consistent with supersym-
metry. For instance, in 4d N = 1 theories on M3 × S1, the cubic ’t Hooft anomaly
(1.15), together with the supersymmetry variation (1.16), uniquely determine the 3d
local term:
W
(1)
3d =
Aqqq
12π
∫
M3
d3x
√
g
(
−iσǫµνρAµFνρ+3σ2D−6iσλ˜λ+σ2AµVµ+σ3H
)
. (1.23)
Here, the fields (σ,Aµ, λ, λ˜, D) are part of a 3d N = 2 vector multiplet (which
descends from the 4d N = 1 vector multiplet), and Vµ and H are background
supergravity fields necessary to preserve supersymmetry [42]. Analogous 3d local
terms are necessary to match any other ’t Hooft anomalies.
Plugging the supersymmetric values for the background supergravity and vector
multiplet fields into (1.23)—and its analogues for other ’t Hooft anomalies—, we
determine a priori the form of the supersymmetric partition function ZM3×S1 at
order β. The result agrees with our explicit computation of the absolute value of the
supersymmetric partition function, and also agrees—as it should, by construction—
with the anomalous Ward identity (1.20).
These considerations lead us to propose a general formula for the supersymmetric
partition function ZMd−1×S1(ν, τ), which is fully consistent with gauge invariance and
supersymmetry. This is based on the observation, true in a number of examples, that
the holomorphic partition function IMd−1×S1(ν, τ), does not have any order-β term
in its small-β expansion—for the S3 index, this was proven in [43]. Ref. [43] proves
this result under the assumption that the S3 partition function of the dimensionally
reduced theory is finite, and moreover it shows that counterexamples exist when this
assumption is not satisfied. In our paper we will always assume the finiteness of the
M3 partition function.
Then, we propose that the “gauge-invariant” supersymmetric partition function,
compatible with all anomalous Ward identities, takes the form:
ZMd−1×S1(ν, ν¯, τ) = e
−βW
(1)
d−1(ν,ν¯,τ) IMd−1(ν, τ) . (1.24)
Here, W
(1)
d−1(ν, ν¯, τ) denotes a function computed from the (d−1)-dimensional func-
tional W
(1)
d−1—in particular, we have the contribution (1.23) for the 4d cubic ’t Hooft
anomaly contribution—upon evaluation onto the supersymmetric locus for the back-
ground vector multiplet.
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Note also that, if we interpret the 3d local term βW
(1)
3d (ν, ν¯, τ) as a 4d local term,
by a trivial uplift which breaks 4d diff invariance explicitly, one can view the relation
(1.24) as a change of scheme from the holomorphic to the “gauge invariant” form
of the supersymmetric partition function. As expected, the holomorphic partition
function corresponds to a scheme that breaks diff-invariance explicitly. We shall leave
a more systematic understanding of the allowed counterterms for future work.
Outlook and summary
In this paper, we focussed our attention on general constraints on supersymmetric
partition functions in the presence of ’t Hooft anomalies for the flavor symmetry, for
2d N = (0, 2) and 4d N = 1 supersymmetric theories with an R-symmetry, U(1)R.
This clarifies important aspects of the dependence of these partition functions on the
flavor parameters.
Supersymmetric partition functions can also depend non-trivially on geometric
parameters—in particular, on the modular parameter τ discussed in this paper, but
also on more subtle geometric data. It was first pointed out in [16] that the ’t
Hooft anomalies for the U(1)R symmetry—and, more generally, ’t Hooft anomalies
in the “gravity sector”—can introduce an anomalous dependence of the partition
function on the geometry, thus resolving puzzles that arose from detailed holographic
computations [44]. This interesting problem could also be addressed by combining
the approach of this paper with the general solution to the WZ consistency conditions
for the R-multiplet given recently in [22]. It would also be interesting to generalize
this work to include 6d N = (1, 0) theories, and to discuss theories in 2d and 4d with
higher supersymmetry.
Finally, let us mention that the non-holomorphy of partition functions in the
flavor parameters, as discussed here, is distinct from (and much simpler than) several
other examples of holomorphic anomalies in the literature, such as the holomorphic
anomaly of the topological string partition function [45], or of the elliptic genus of
theories with continuous spectra [46, 47], or else in Donaldson-Witten theory [48]. In
our case, the non-holomorphic term appears entirely as a “supersymmetric Casimir-
energy term,” and not as part of the “spectrum;” the interpretation being that it
essentially corresponds to a choice of scheme. In all cases, however, it is expected
that the non-decoupling of the relevant Q-exact operators can be understood as a
boundary term in the path integral; it would be interesting to understand our results
in that language.
This paper is organized as follows. In section 2, we discuss the flavor ’t Hooft
anomaly in 2d N = (0, 2) supersymmetric theories, and its consequences for the T 2
partition function. In section 3, after reviewing some necessary formalism, we discuss
the analogous problem for 4d N = 1 supersymmetric theories on a fixed half-BPS
new-minimal supergravity background, and we consider the small-β expansion for
– 10 –
theories onM3×S1. In section 4, we use those results to revisit the computation of
supersymmetric partition functions on a large class of four-dimensional backgrounds
called Mg,p × S1, which include S3 × S1 as a special case. Additional computations
and hopefully useful discussions are contained in several appendices.
2. ’t Hooft anomalies and the 2d N = (0, 2) elliptic genus
As an interesting warm-up to the four-dimensional case, let us study the partition
function of a 2d N = (0, 2) supersymmetric theory on the torus, in the presence of
flat connections for background gauge fields coupling to the flavor symmetry—this
is also known as the flavored N = (0, 2) elliptic genus.
2.1 The free fermion and the Quillen anomaly
The simplest example of a two-dimensional N = (0, 2) supersymmetric theory is a
free massless Fermi multiplet, which contains a single chiral fermion, λ−, of positive
chirality. Consider the partition function on this free theory on a Riemann surface
Σ, with a background gauge field aµ coupled to the U(1) global symmetry:
L = −2iλ¯−Dw¯λ− . (2.1)
The Dirac operator can be written as:
Dw¯ = ∇w¯ − iaw¯ , (2.2)
with w some local complex coordinate. The naive formula for the partition function:
ZΣ = det(Dw¯) , (2.3)
seems to define a locally holomorphic function of the connection, i.e. it only depends
on aw¯ and not on aw. On the other hand, since the operator Dw¯ flips the chiral-
ity, its determinant is ill-defined. The standard procedure is to consider det(DwDw¯)
instead. If the latter determinant factorized holomorphically—that is, if it were a
product of a holomorphic times an anti-holomorphic factor—, one would naturally
obtain a holomorphic definition of the original partition function, simply by tak-
ing the “holomorphic square-root” of det(DwDw¯). However, an explicit calculation
by means of a gauge-invariant regularization, such as Pauli-Villars or zeta-function
regularization, reveals that [49]:
det(DwDw¯) = e
−q|F (aw¯)|2 , (2.4)
where F is a holomorphic function, and q is the “Quillen counterterm:”
q =
i
2π
∫
Σ
dw ∧ dw¯ awaw¯ , (2.5)
– 11 –
schematically. Due to the prefactor e−q, the holomorphic factorization fails, and in
particular the original partition function cannot be defined as a holomorphic function
of the connection. This is known as Quillen’s holomorphic anomaly. As we will see,
it is also the simplest example of the non-trivial interplay between ’t Hooft anomalies
and supersymmetry.11
A nice geometric interpretation of (2.4) was provided in [50]. The freedom in
choosing the connection aµ can be parametrized by the space of flat connection on
the Riemann surface, i.e. the Jacobian J(Σ). The latter is a 2g-dimensional torus
for Σ a Riemann surface of genus g, and it inherits a complex structure from that of
Σ. In the presence of a U(1) ’t Hooft anomaly, the partition function of the chiral
fermion is not a holomorphic function on J(Σ) but rather a section of a holomorphic
line bundle over it:
L −→ J(Σ) , (2.6)
usually called the determinant line bundle [49]. The expression (2.4) is then in-
terpreted as defining a Hermitian norm on L (known as the Quillen metric), and
its failure to factorize is due to its curvature. The first Chern class c1(L ) is fixed
precisely by the ’t Hooft anomaly coefficient.
The case Σ = T 2. In anticipation to the discussion of the elliptic genus, let us
consider more explicitly the case of a chiral fermion on a torus. We choose coordinates
x ∼ x+ 2π and y ∼ y + 2π, with the complex coordinate:
w = x+ τy , τ ≡ τ1 + iτ2 , τ2 = β2
β1
, (2.7)
for some fixed complex structure modulus τ . The metric on the torus reads:
ds2(T 2) = β21dwdw¯ = β
2
1(dx+ τ1dy)
2 + β22dy
2 , (2.8)
In this case, the Jacobian is itself a torus, parametrized by the complex variable:
ν ≡ axτ − ay = 2iτ2 aw¯ , (2.9)
subject to the identifications:
ν ∼ ν + 1 , ν ∼ ν + τ , (2.10)
under large gauge transformations. In Appendix C.1, for review the calculation of
the determinant det(DwDw¯) via zeta-function regularization. From that calculation,
we obtain the following result for the partition function of a chiral fermion:
ZλT 2 ∝ e
−2πτ2
(
a2x
2
− ax
2
+ 1
12
)
θ0(ν; τ) (2.11)
11Quillen’s anomaly can be stated much more generally in terms of Dirac operators that depend
holomorphically on some moduli; presumably, the 4d N = 1 case to be discussed in the next section
could also be understood in that language.
– 12 –
where the coefficient of proportionality is a phase factor (possibly a function of the
real parameters ax, ay, τ1, τ2). Here, θ0(ν; τ) is the “reduced” theta-function; its
definition and properties can be found in Appendix B. The theta-function is an
holomorphic section of the determinant line bundle on J(T 2), in agreement with
the discussion above; in particular, it transforms non-trivially under large gauge
transformations. The non-holomorphic prefactor in Zλ takes the form of a Casimir
energy, being the dominant contribution in the limit τ2 → ∞. By construction,
the absolute value of the partition function, |Zλ|, is invariant under the large gauge
transformations ν → ν + 1 and ν → ν + τ , in agreement with the requirement of
gauge-invariance described in the introduction.
2.2 The elliptic genus and the torus partition function
Let us now consider a two-dimensional field theory with N = (0, 2) supersymmetry.
We are interested in its elliptic genus, which may be defined as the supersymmetric
index:
I(ν, τ) = Tr
(
(−1)F qH q¯H¯yQF
)
, q = e2πiτ , y = e2πiν . (2.12)
Here, QF denotes the generator of a U(1) global symmetry, and y is the associ-
ated fugacity—more generally, one introduces one fugacity yα for each U(1)α in the
maximal torus of the global symmetry group GF .
The elliptic genus can also be understood as the supersymmetric partition func-
tion on T 2 with complex structure modulus τ , as in (2.7). The chemical poten-
tial ν corresponds to a flat background gauge field for the U(1) global symmetry,
aµdx
µ = awdw + aw¯dw¯, with:
ν ≡ axτ − ay , ax ≡ 1
2π
∫
γx
a , ay ≡ 1
2π
∫
γy
a , (2.13)
with γx and γy the one-cycles along x and y, respectively. As we will review below,
a simple argument shows that the derivatives with respect to ν¯ and τ¯ are Q-exact
and therefore the partition function ZT 2(ν, τ) is expected to be holomorphic in ν; a
similar argument shows that it should be holomorphic in the geometric parameter τ ,
as well.
Explicit expression for ‘Lagrangian’ theories. The elliptic genus can easily be
computed for free theories. For a free chiral multiplet Φ or for a free Fermi multiplet
Λ, of charge q = 1 under the U(1) background gauge field, we have:
IΦ(ν, τ) ≡ i
θ(ν; τ)
, IΛ(ν, τ) ≡ iθ(ν; τ) , (2.14)
respectively. Here, θ(ν, τ) is the ordinary Jacobi theta function—see Appendix B.
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Thanks to supersymmetric localization, we also an have explicit expression for
supersymmetric gauged linear σ-models (GLSM) [7, 8, 51]. Consider an N = (0, 2)
vector multiplet for the gauge group G, coupled to chiral multiplets Φi and Fermi
multiplets ΛI in representations Ri and RI of G, respectively. The localization
formula for the elliptic genus takes the form:
I(ν, τ) =
∮
JK
rk(G)∏
a=1
dua
2πi
I(u, ν, τ) (2.15)
where the contour integral denotes the Jeffrey-Kirwan residue [52]. The integrand
reads:
I(u, ν, τ) =
∏
i
∏
ρi∈Ri
IΦ(ρi(u) + ωi(ν), τ)
∏
I
∏
ρI∈RI
IΛ(ρI(u) + ωI(ν), τ)
× (−2πi η(τ)2)rk(G) ∏
α∈g
IΛ(α(u), τ) .
(2.16)
The products over the indices i and I, on the first line, run over the chiral and Fermi
multiplets, respectively. The fugacities associated to the gauge group are denoted by
ua, and are integrated over; the flavor fugacities are denoted by ν. Here, ρ = (ρ
a)
denote the weights of the representations R under the gauge symmetry. We will also
uses indices α, β, . . . for the Cartan subalgebra hF of the flavor symmetry, so that
e.g. ω(ν) = ωανα, with ω = (ω
α) a flavor weight and ν = (να) ∈ (hF )C. The second
line in (2.16) is the contribution from the vector multiplet, with the product over the
non-zero roots α of the gauge algebra g.
Behavior under large gauge transformations. It is instructive to consider
the behavior of the elliptic genus under large gauge transformations for the flavor
fugacities:
(ax, ay) ∼ (ax −m, ay + n) ⇔ ν ∼ ν + n +mτ , (2.17)
for any n,m ∈ Z. For instance, for a free Fermi multiplet of charge q ∈ Z under the
U(1) flavor symmetry, we have:
IΛ,q(ν, τ) = IΛ(qν, τ) ,
IΛ,q(ν + n+mτ, τ) = (−1)q(n+m) e−πiq2(2mν+m2τ) IΛ,q(ν, τ) .
(2.18)
The behavior under large gauge transformations is governed by Aqq = q2, the ’t
Hooft anomaly coefficient for a free Fermi multiplet. More generally, for any GLSM,
we have the quadratic U(1)α ’t Hooft anomaly coefficients:
Aαβqq = −
∑
i
ωαi ω
β
i +
∑
I
ωαI ω
β
I , (2.19)
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where the integers ωαi and ω
α
I denotes the U(1)α flavor charges of the chiral and
Fermi multiplets, respectively. In a well-defined GLSM, all the gauge and gauge-
flavor anomalies should vanish:
Aabqq = −
∑
i
ρai ρ
b
i +
∑
I
ρaIρ
b
I = 0 , Aaβqq = −
∑
i
ρaiω
β
i +
∑
I
ρaIω
β
I = 0 . (2.20)
This implies that the integrand (2.16) is single-valued under u ∼ u + 1 ∼ u + τ .
Under an arbitrary large gauge transformation:
να → να + nα +mατ , nα, mα ∈ Z , (2.21)
for the flavor parameters, the elliptic genus transforms as:12
I(ν + n+mτ, τ) = (−1)Aαq (nα+mα) e−πiAαβ(mανβ+ναmβ+mαmβτ) I(ν, τ) , (2.22)
where we sum over repeated indices. The fact that the behavior under large gauge
transformations is governed by the ’t Hooft anomalies can be understood on general
ground; we discuss some aspects of this in Appendix D.1.
Holomorphy versus gauge invariance. As emphasized in the introduction, the
transformation property (2.22) is somewhat puzzling when I(ν, τ) is viewed as a
partition function on T 2, because the real part of log I transforms non-trivially under
large gauge transformations. On the other hand, we expect that there exists a
scheme in which the absolute value of the partition function, ZT 2(ν, τ), is fully gauge
invariant:
|ZT 2(ν + n+mτ, τ)| = |ZT 2(ν, τ)| . (2.23)
Consider again a free Fermi multiplet of unit charge. According to (2.11), we have:
|ZΛT 2(ν, τ)| = e−πτ2a
2
x |IΛ(ν, τ)| . (2.24)
More generally, we will argue that:
ZT 2(ν, τ) = e
−W1d(ν,ν¯,τ,τ¯) I(ν, τ) , (2.25)
for any N = (0, 2) supersymmetric theory, with W1d a function to be determined
below. Note that W1d cannot be holomorphic in ν if (2.23) holds true. In the case
12Here we also introduced the “linear anomaly” coefficient:
Aαq = −
∑
i
ωαi +
∑
I
ωαI ,
which governs the sign on the right-hand-side of (2.22). This sign is a more subtle effect, related
to the parity anomaly in 1d, which we will not discuss in this paper.
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of a GLSM, it is easy to check that imposing (2.23) a priori completely determines
the real part of W1d to be:
13
Re
[
W1d(ν, ν¯, τ, τ¯)
]
= πτ2Aαβax,αax,β , (2.26)
up to a pure constant. The explicit result (2.24) is a special case of the relation (2.26).
We see that gauge invariance imposes that the T 2 partition function is not fully
holomorphic in the flavor parameter ν (and possibly in τ , as well). Naively, this is in
contradiction with supersymmetry. As we will review below, the anti-holomorphic
parameter ν¯ couples to a Q-exact operator, and therefore we would expect to have:
∂
∂ν¯
ZT 2(ν, τ) = 0 , (2.27)
as a supersymmetric Ward identity. The presence of a non-trivial quantum correction
to the supersymmetric Ward identity [15] resolves this puzzle, as we explain in the
next subsection.
Behavior under modular transformations. Let us also briefly discuss the be-
havior of the elliptic genus under large diffeomorphisms of the torus, which span the
modular group SL(2,Z). Let kg denote the gravitational anomaly coefficient, defined
as:
kg =
∑
i
dim(Ri)−
∑
I
dim(RI)− dim(G) , (2.28)
for a GLSM. Using the properties of the θ-function summarized in Appendix B, one
can check that:
I
(ν
τ
,−1
τ
)
= e
pii
2
kge
pii
τ
Aαβνανβ I(ν, τ) , I(ν, τ + 1) = e−pii6 kgI(ν, τ) , (2.29)
under the S and T generators of SL(2,Z), respectively. This behavior presents
physical puzzles similar to the case of the behavior under large gauge transformations,
and their resolutions will be similar.
2.3 Non-holomorphy of the supersymmetric partition function ZT 2
We will now derive the correction to (2.27) in the “gauge-invariant” scheme. To
this end, we first review the structure of the conserved current (0, 2) multiplet, its
coupling to a background vector multiplet, and the supersymmetry algebra in WZ
gauge.
Consider a 2d N = (0, 2) supersymmetric theory with GF = U(1), for simplicity.
We can preserve the two supercharges, Q+ and Q˜+, on the flat torus. Let us denote
the supersymmetry variations by:
δζ = −iζ−Q+ , δζ˜ = −iζ˜−Q˜+ , (2.30)
13Recall the definitions ν = τax − ay and τ = τ1 + iτ2.
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where ζ− and ζ˜− are constant Weyl spinors,
14 which we take to be bosonic, so that
the supersymmetry variations are fermionic.
Coupling to a background vector multiplet. The U(1) flavor symmetry cur-
rent, jµ, sits in a 2d N = (0, 2) current multiplet, J , with component operators:
J = (J , j+ , j˜+ , jµ) , ∂µjµ = 0 , (2.31)
where j+ and j˜+ are fermionic operators. Let us denote by (jw, jw¯) the components
of jµ in complex coordinates; in particular, we have ∂wjw¯+∂w¯jw = 0. The N = (0, 2)
supersymmetry variations of the current multiplet read:15
δζJ = −iζ−j+ , δζ˜J = −iζ˜−j˜+ ,
δζj+ = 0 , δζ˜j+ = −2iζ˜−(jw¯ + i∂w¯J) ,
δζ j¯+ = 2iζ−(jw¯ − i∂w¯J) , δζ˜ j˜+ = 0 ,
δζjw = −ζ−∂wj+ , δζ˜jw = ζ˜−∂w j˜+ ,
δζjw¯ = ζ−∂w¯j+ , δζ˜jw¯ = −ζ˜−∂w¯ j˜+ .
(2.32)
We couple the current multiplet to an abelian background vector multiplet in the
Wess-Zumino (WZ) gauge, which consists of a gauge field aµ = (aw, aw¯) and its
superpartners:
VF = (aµ , λ− , λ˜− , D) . (2.33)
Its supersymmetry variations read:
δζaw = −iζ−λ˜− , δζ˜aw = −iζ˜−λ− ,
δζaw¯ = 0 , δζ˜aw¯ = 0 ,
δζλ− = iζ−(D + 2ifww¯) , δζ˜λ− = 0 ,
δζλ˜− = 0 , δζ˜ λ˜− = −iζ˜−(D − 2ifww¯) ,
δζD = 2ζ−∂w¯λ˜− , δζ˜D = −2ζ˜−∂w¯λ− ,
(2.34)
where fµν = ∂µaν − ∂νaµ is the field strength. The supersymmetry algebra in the
WZ gauge takes the form:
(δζ)
2Φ(q) = 0 , (δζ˜)
2Φ(q) = 0 , {δζ , δζ˜}Φ(q) = −4iζ−ζ˜− (∂w¯ − iqaw¯) Φ(q) , (2.35)
on any field Φ(q) of charge q under the U(1) flavor symmetry; note that it is gauge-
covariant. We can also write the last anti-commutator as:
{δζ , δζ˜} = −4iζ−ζ˜−∂w¯ + δα(a) , α(a) ≡ 4iζ−ζ˜−aw¯ . (2.36)
14Our conventions for two-dimensional spinors are summarized in Appendix A.3.
15In this subsection, we are setting β1 = 1 to avoid clutter, so that the torus metric is simply
ds2 = dwdw¯; equivalently, we are absorbing β1 into the definition of w, w¯.
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The second term on the right-hand-side can be understood as an aµ-dependent gauge
transformation, δα. Then, (2.36) gives the supersymmetry algebra acting on any
fields, including the gauge field itself (with δαaµ = ∂µα).
The supersymmetric minimal coupling between the current and the background
gauge field takes the form:
LVJ = 2awjw¯ + 2aw¯jw +DJ + λ−j+ − λ˜−j˜+ . (2.37)
In particular, we can consider supersymmetric background values for VF , which are
such that the gauginos λ−, λ˜− and their variations vanish—that is:
D = 0 , fww¯ = 0 , (2.38)
and the gauge field aµ must be flat. For future purpose, we will consider small
variations (aµ, λ−, λ˜+,∆D) around that locus, while keeping the gauge field flat.
Then, using (2.38), one can write (2.37) as:
LVJ = 2aw(jw¯ − i∂w¯J) + 2aw¯(jw + i∂wJ) + ∆DJ + λ−j+ − λ˜−j˜+ . (2.39)
Looking at (2.32), we see that aw couples to a δζ-exact operator,
16 which should not
affect supersymmetric observables. This is why we expect the T 2 partition function
to be holomorphic in the flat connection aw¯, which is related to the flavor parameter
ν as in (2.9).
Supersymmetry variation of the effective action. Let W denote the effective
action on the torus, in the presence of an arbitrary background vector multiplet:
W [aµ, λ, λ˜, D] = − logZT 2[aµ, λ, λ˜, D] . (2.40)
The U(1) symmetry generally suffers from a quadratic ’t Hooft anomaly, with coef-
ficient Aqq = tr(γ3Q2F ), as in (2.19). Under a gauge transformation δαaµ = ∂µα, the
effective action must then transform as:
δαW =
iAqq
4π
∫
T 2
αf , (2.41)
where we used the form notation, with f ≡ da = 1
2
fµνdx
µ ∧ dxν . Since the gauge
transformations commute with supersymmetry (in the WZ gauge), we should have:
[δζ , δα]W = 0 , [δζ˜ , δα]W = 0 . (2.42)
The supersymmetry variations of (2.41) give:
δζδαW =
iAqq
4π
∫
α d
(
−iζ−λ˜−dw
)
= −Aqq
4π
∫
dα ∧
(
ζ−λ˜−dw
)
= δα
(Aqq
4π
∫
aw¯ ζ−λ˜− dw ∧ dw¯
)
= δαδζW ,
(2.43)
16One can write it as a δ
ζ˜
-exact term as well, by integration by part.
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where we used (2.42) in the last equality, and similarly:
δαδζ˜W = δα
(Aqq
4π
∫
aw¯ ζ˜−λ− dw ∧ dw¯
)
. (2.44)
This implies the presence of a non-zero supersymmetry variation, δζW 6= 0 [15]. The
equations (2.43)-(2.44) determine δζW up to the addition of a gauge-invariant term.
To fix this ambiguity, we use the WZ condition coming from the anti-commutators
(2.36) of two supersymmetry transformations, namely:17
{δζ , δζ˜}W = δα(a)W , α(a) ≡ 4iζ−ζ˜−aw¯ . (2.45)
Taking into account this additional constraint, the supersymmetry variation of W is
uniquely fixed to be:
δζW =
Aqq
4π
∫
T 2
ζ−λ˜−aw¯ dw ∧ dw¯ , δζ˜W =
Aqq
4π
∫
T 2
ζ˜−λ−aw¯ dw ∧ dw¯ . (2.46)
Let us now discuss how these supersymmetric Ward identities allow us to constrain
the form of the partition function, ZT 2(ν, τ).
Holomorphy anomaly of ZT 2(ν, τ) in ν. On a flat torus, we can take the super-
symmetric gauge field components (aw, aw¯) to be constant, in which case the flavor
parameters are given by:
ν = 2iτ2 aw¯ , ν¯ = −2iτ2 aw . (2.47)
An infinitesimal variation of ν¯ then simply corresponds to an insertion of the com-
ponent jw¯ of the conserved current, which is itself Q-exact:
∂
∂ν¯
W =
i
2τ2
∂
∂a¯w
W =
i
2τ2
〈∫
T 2
d2x
√
g2jw¯
〉
=
1
2τ2ζ−
〈∫
T 2
d2x
√
gδζ j˜+
〉
. (2.48)
Due to the non-trivial supersymmetry variations (2.46), the last expression in (2.48)
does not vanish. Instead, since the operator j˜+ couples to the gaugino λ˜− as in
(2.39), we obtain:
∂
∂ν¯
W = − 1
2τ2ζ−
∂
∂λ˜−
(δζW )
∣∣∣
λ=λ˜=0
= − Aqq
8πτ2
aw¯
∫
T 2
dw ∧ dw¯ . (2.49)
This gives us a simple anomalous Ward identity for the supersymmetric T 2 partition
function:
∂
∂ν¯
W (ν, ν¯) =
πAqq
2τ2
ν , (2.50)
17The first term on the right-hand-side of the anti-commutator, −4iζ−ζ˜−∂w¯, acts on fields as a
translation; for simplicity, we may assume that the theory is free from gravitational anomalies, so
this transformation leaves W invariant. The inclusion of the gravitational anomaly in the present
discussion is left for future work.
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which entirely fixes its dependence on the anti-holomorphic parameter ν¯—we must
have:
ZT 2(ν) = e
−
piAqq
2τ2
|ν|2
Zholo(ν) , (2.51)
with Zholo(ν) a locally holomorphic function of ν. To relate Zholo(ν) to the holomor-
phic partition function I(ν) defined above, we will need additional information. We
can already note, however, that if we had:
Zholo(ν) = e
piAqq
2τ2
ν2I(ν) , (2.52)
then the expectation (2.25)-(2.26) would hold true, and the absolute value of the T 2
partition function ZT 2 would be properly gauge invariant. In the rest of this section,
we will argue that (2.52) precisely holds.
2.4 The small-β1 limit of ZT 2(ν, τ)
We can attain a complementary understanding of the non-holomorphy of the par-
tition function by considering the reduction of the 2d N = (0, 2) theory to a one-
dimensional N = 2 supersymmetric theory (as studied e.g. in [53]) in the limit when
we take one of the circle of T 2 to be very small. Using the metric (2.8), we consider
β1 → 0. This correspond to the limit:
τ → i∞ , ν = fixed , (2.53)
on the T 2 partition function. The basic idea is that, in this limit, all the anomalies
should be reproduced by local terms in the sources of the dimensionally-reduced
theory, because generically the effective one-dimensional theory will be gapped [32,
33]. Upon evaluating these local terms, we find that they depend on ν¯ exactly as
expected from (2.50). This procedure will also allow us to fix the entire ratio between
ZT 2 and the holomorphic partition function, IT 2 , including the holomorphic term.
In the small-β1 limit (2.53), we study the expansion of the effective action:
W ∼
β1→ 0
1
β1
W
(−1)
1d +W
(0)
1d + β1W
(1)
1d + . . . , (2.54)
as a functional of background vector multiplets. The divergent term, of order 1
β1
,
is proportional to the gravitational anomaly coefficient, kg; the functional W
(−1)
1d is
supersymmetric and gauge-invariant.18 The finite term, W
(0)
1d , is essentially the 1d
index of the dimensionally reduced theory [53]. Here, we are interested in the term
linear in β1. Let us define:
W1d[VF ] ≡ β1W (1)1d [VF ] . (2.55)
18This is similar to the supersymmetric Cardy formula in 4d N = 1 theories [33]. This point
would deserve further discussion.
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It is a local functional of a one-dimensional background vector multiplet, which is
strongly constrained by the two-dimensional anomalies. This is because each of the
two-dimensinal anomalies, being local, reduces to a term of order β1 [32], which must
then be exactly reproduced by the variation of the local functional W1d.
Dimensional reduction and 1d N = 2 background vector multiplet. Let
Xµ = (x, y) denote the 2d coordinate, with y the 1d coordinate in the β1 → 0 limit.
The torus metric:
ds2(T 2) = β21(dx+ τ1dy)
2 + β22dy
2 , (2.56)
is already in the “Kaluza-Klein” form, with ds2(S1) = β22dy
2 the 1d metric and τ1dy a
flat graviphoton. The two-dimensional gauge field, aµ, reduces to a one-dimensional
gauge field Ay and a real scalar σ, which are related to aµ by:
aµdX
µ = σβ1(dx+ τ1dy) + Aydy . (2.57)
Here, for convenience, we introduced the one-dimensional coordinate y ≡ β2y, with
y ∼ y + 2πβ2. The 1d vector multiplet consists of the fields:
V(1d)F = (Ay , σ , λ , λ˜ , D) , (2.58)
with the supersymmetry variations:
δζAy = ζλ˜ , δζ˜Ay = ζ˜λ ,
δζσ = −iζλ˜ , δζ˜σ = −iζ˜λ ,
δζλ = iζ(D + ∂yσ) , δζ˜λ = 0 ,
δζ λ˜ = 0 , δζ˜ λ˜ = −iζ˜(D − ∂yσ) ,
δζD = ζ∂yλ˜ , δζ˜D = −2ζ˜∂yλ .
(2.59)
This directly follows from (2.34).
One-dimensional local functional. The functional W1d is constrained by the
requirement that its gauge variation (under δαAy = ∂yα) should reproduces the
dimensional reduction of the U(1) anomaly:
δαW1d =
iAqqβ1
2
∫
dyα(−∂yσ) = δα
(
iAqqβ1
2
∫
dyAyσ
)
. (2.60)
It should also reproduce the 1d reduction of the supersymmetry variations (2.46),
namely:
δζW1d = −iAqqβ1
2
∫
∂yζλ˜(σ+iAy) , δζ˜W1d = −
iAqqβ1
2
∫
∂yζ˜λ(σ+iAy) . (2.61)
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This fixes W1d to be:
W1d =
iAqqβ1
2
∫
dy(Ayσ − iσ2) , (2.62)
up to terms of dimension two that are gauge-invariant and supersymmetric. Such
terms vanish on the supersymmetric locus (D = ∂yσ = 0). We can therefore conclude
that, in the limit (2.53), the order-β1 term in the expansion of the T
2 supersymmetric
partition function is fully determined by (2.62).
2.5 The supersymmetric T 2 partition function, revisited
Consider the elliptic genus of a GLSM, as given explicitly in (2.15)-(2.16). We can
consider its small-β1 limit explicitly. One finds:
− log I(ν, τ) ∼
τ→i∞
τ
πikg
6
+W
(0)
1d +O(e2πiτ ) . (2.63)
In other words, there is no order-β1 contribution appearing in the small-β1 expansion
of the “holomorphic partition function.” This was also observed recently in [54].
By contrast, the order-β1 term in the expansion of the partition function ZT 2 is
fully captured by (2.62), which evaluates to:19
W1d = πAqqβ1β2 σ(σ + iAy) = πAqq νν¯ − ν
2
2τ2
. (2.64)
Of course, this satisfies the quantum Ward identity (2.50). Incidentally, we note that
W1d is holomorphic in τ when expressed in terms of the 2d variables ax and ay:
W1d = −πiAqqax(τax − ay) . (2.65)
Based on these considerations, we make a conjecture for the exact form of the “gauge
invariant” supersymmetric T 2 partition function, for any 2d N = (0, 2) theory. It is
simply given by:
ZT 2(ax, ay, τ) = e
−W1d(ax,ay,τ) I(ν, τ) , (2.66)
with I the elliptic genus, which is holomorphic in ν = τax−ay and τ = τ1+ iτ2, and
with the prefactor W1d given by:
W1d(ax, ay, τ) = −πi
2
Aαβ (2τax,αax,β − ax,αay,β − ay,αax,β) . (2.67)
By construction, this is fully consistent with gauge invariance and supersymmetry,
with the ’t Hooft anomalies properly taken into account. Note that its real part is
given by (2.26), as expected.
19Note that ν = iβ2(σ + iAy) in the 1d variables.
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Large gauge transformations. Under large gauge transformations of the back-
ground gauge fields on T 2:
(ax,α, ay,α) ∼ (ax,α +mα, ay,α − nα) , nα, mα ∈ Z , (2.68)
we obtain:
ZT 2(ax +m, ay − n, τ) = (−1)Aαq (nα+mα)
× eπiAαβ(nαax,β+mαay,β+nαmβ) ZT 2(ax, ay, τ) ,
(2.69)
to be compared with (2.22). In particular, the absolute value of ZT 2 is gauge in-
variant. This behavior agrees with general expectations for gauge anomalies on the
torus. As explained in Appendix D.1, general considerations determine the behavior
of any flavored T 2 partition function under large gauge transformations in terms
of the ’t Hooft anomaly coefficients, modulo various ambiguities that depend on the
renormalization scheme. These general considerations are consistent with the explicit
result (2.69).
Modular transformations. One can also check that the partition function (2.66)
transforms naturally under SL(2,Z). Using (2.29), one finds the simple result:
ZT 2(ax, ay + ax, τ + 1) = e
−pii
6
kgZT 2(ax, ay, τ) , (2.70)
for the T transformation, and:
ZT 2
(
ay,−ax,−1
τ
)
= e
pii
2
kg ZT 2(ax, ay, τ) , (2.71)
for the S transformation. We therefore see that the anomalous behavior of ZT 2
under large diffeomorphisms is determined by the gravitational anomaly only, as one
would have naively expected on physical ground; when kg = 0, the supersymmetric
partition function is modular invariant. This has to be contrasted with the behavior
of the holomorphic elliptic genus under SL(2,Z), which is given by (2.29). In fact,
we again find perfect agreement with general constraints on ZT 2 imposed by the
anomalies, as explained in Appendix D.1.
Local counterterm and holomorphy. We have seen that the non-holomorphic
dependence of the T 2 supersymmetric partition function is dictated by the ’t Hooft
anomalies, as in (2.50). Namely, we have:
∂
∂ν¯α
W (ν, ν¯) =
π
2τ2
Aαβqq νβ , (2.72)
for an arbitrary abelian flavor symmetry, GF =
∏
α U(1)α, with ’t Hooft anomaly
coefficients Aαβqq . Given the explicit form of the superymmetric Ward identity (2.46),
it is clear that one could cancel this anomaly—and, therefore, restore the holomorphy
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of the supersymmetric partition function in ν—by adding the following local term
to the effective action:
Wct = −Aqq
8π
∫
d2x
√
g aµa
µ . (2.73)
Thus, there certainly exists a scheme where the holomorphy in ν is manifest, cor-
responding to the partition function (2.52).20 The counterterm (2.73) is not gauge
invariant, however. Note also that, since:
δζ(W +Wct) = 0 , δζ˜(W +Wct) = 0 , (2.74)
it follows from (2.45) that δα(a)(W +Wct) = 0. This does not mean that we have
cancelled the gauge anomaly, however, only that this counterterm also cancelled the
U(1) anomaly under a particular gauge transformation with parameter α = α(a).
In conclusion, the holomorphy of the T 2 supersymmetric partition function in ν
can only be maintained, by adding the counterterm (2.73), at the cost of violating
gauge invariance for background gauge fields. (Note that (2.73) violates explicitly
the gauge-invariance of the real part of W .)
2.6 Anomalous supersymmetry variation from WZ gauge-fixing
As explained in the introduction, we can understand the anomalous supersymmetry
variation, δζW 6= 0, as a simple consequence of fixing the WZ gauge. Let us show
this in more detail. Here, we will use a superspace notation, for convenience.
WZ gauge-fixing. The N = (0, 2) abelian background vector multiplet can be
written in terms of two superfields:
V = C + iθ+χ+ + iθ˜+χ˜+ + 2θ+θ˜+az¯ ,
Vw = aw + iθ+(λ˜− − i∂wχ+) + iθ˜+(λ− + i∂wχ˜+)− θ+θ˜+(D + 2∂w∂w¯C) .
(2.75)
The U(1) gauge symmetry, δαaµ = ∂µα, can then be supersymmetrized by:
δΩV = i
2
(Ω− Ω˜) , δΩVw = 1
2
∂w(Ω + Ω˜) , (2.76)
where the gauge parameters sit in the chiral and anti-chiral superfields:
Ω = ω +
√
2θ+ψΩ+ − 2iθ+θ˜+∂w¯ω + · · · ,
Ω˜ = ω˜ −
√
2θ˜+ψ˜Ω+ + 2iθ
+θ˜+∂w¯ω˜ + · · · .
(2.77)
Using this larger gauge freedom, one can fix the WZ gauge:
C = χ+ = χ˜+ = 0 . (2.78)
20In this scheme, we would still not have holomorphy in τ . To recover the fully holomorphic
elliptic genus I(ν, τ), we should add an additional counterterm corresponding to the prefactor in
(2.52), which breaks diffeomorphism invariance explicitly. We leave a better understanding of this
point for future work.
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The WZ gauge (2.78) is not invariant under supersymmetry, because:
δχ+ = 2iζ˜−az¯ , δχ˜+ = −2iζ−az¯ . (2.79)
Nonetheless, one can define consistent supersymmetry transformations, which we
denote by δζ, δζ˜ , by performing a compensating gauge transformation that restores
the WZ gauge:
δζ = δ
(0)
ζ + δΩ(ζ) , δζ˜ = δ
(0)
ζ˜
+ δΩ(ζ˜) . (2.80)
Here, δ
(0)
ζ,ζ˜
is the “bare” supersymmetry transformation before gauge fixing, and δΩ(ζ˜),
δΩ˜(ζ) are compensating gauge transformations with field-dependent gauge parame-
ters:
Ω(ζ) : ω = ψΩ+ = 0 , ω˜ = 0 , ψ˜
Ω
+ = 2
√
2iζ−az¯ ,
Ω(ζ˜) : ω = 0 , ψΩ+ = −2
√
2iζ˜−az¯ , ω˜ = ψ˜
Ω
+ = 0 ,
(2.81)
respectively.
’t Hooft anomaly and supersymmetry. The t ’Hooft anomaly for the back-
ground U(1) symmetry (2.41) can be supersymmetrized as:
δΩW =
Aqq
8π
∫
d2x
√
g
[∫
dθ+ΩY− +
∫
dθ˜+Ω˜Y˜−
]
, (2.82)
where Y− and Y˜− are the gauge-invariant gaugino multiplets: 21
Y− = D˜+(∂wV + iVw) , Y˜− = D+(∂wV − iVw) . (2.83)
In components, this reads:
δΩW =
Aqq
8π
∫
d2x
√
g
(
2(ω + ω˜)fww¯ − i(ω − ω˜)D +
√
2(ψΩ+λ− − ψ˜Ω+λ˜−)
)
, (2.84)
where we identify α = 1
2
(ω+ω˜) as the ordinary U(1) gauge parameter. The expression
(2.82) is fully supersymmetric with respect to the “bare” supersymmetry variation:
δ
(0)
ζ
(
δΩW
)
= 0 . (2.85)
On the other hand, we have the WZ consistency condition:[
δ
(0)
ζ , δΩ
]
W = 0 . (2.86)
From the last two equations, we have δΩδ
(0)
ζ W = 0, which implies that:
δ
(0)
ζ W = 0 . (2.87)
21The SUSY-covariant derivatives are given by D+ = ∂+ − 2iθ˜+∂w¯ and D˜+ = −∂˜+ + 2iθ+∂w¯.
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In other words, the U(1) ’t Hooft anomaly is compatible with supersymmetry and
there is no genuine “supersymmetry anomaly.” Then, by its definition (2.80), the su-
persymmetry in the Wess-Zumino gauge does have an anomalous variation, namely:
δζW = δΩ(ζ)W , δζ˜W = δΩ(ζ˜)W . (2.88)
Plugging the values (2.81) inside (2.84), one finds:
δζW = −iAqq
2π
∫
d2x ζ−λ˜−aw¯ , δζ˜W = −
iAqq
2π
∫
d2x ζ˜−λ−aw¯ . (2.89)
This indeed reproduces the anomalous supersymmetry variations (2.46).
3. ’t Hooft anomalies and 4d N = 1 partition functions
Let us now consider 4d N = 1 supersymmetric theories. In this section, after review-
ing the curved-space rigid supersymmetry formalism [25, 26] and the main result of [6]
on the holomorphic dependence of supersymmetric partition functions on continuous
parameters, we derive the supersymmetric Ward identities on a general half-BPS
background. This determines the non-holomorphic dependence of the supersymmet-
ric partition function, in our “gauge invariant” scheme for background gauge fields.
In the case of half-BPS four-manifolds of topology M3 × S1, with S1 a circle of
radius βS1 , we also discuss how the ’t Hooft anomaly together with supersymmetry
determine the order-βS1 term in the small-βS1 expansion of the partition function.
Our four-dimensional conventions are summarized in Appendix A.1.
3.1 Curved-space supersymmetry for 4d N = 1 theories
Consider a four-dimensional N = 1 supersymmetric theory with a U(1)R symmetry.
By assumption, there exists an R-multiplet, which contains the R-symmetry current
jµR together with the energy-momentum tensor T
µν , and which can be consistently
coupled to four-dimensional new-minimal supergravity [55]—see e.g. [56, 57]. At the
linearized level:
∆L = −1
2
∆gµνT
µν + A(R)µ j
µ
(R) +Ψ
α
µS
µ
α + Ψ˜α˙µS˜
α˙µ +
i
4
ǫµνρλBµνFρλ . (3.1)
We consider a curved-space rigid supersymmetric background on a compact four-
manifold M4, which can be obtained as a rigid limit of new-minimal supergravity,
with the background fields:
gµν , A
(R)
µ , V
µ =
i
2
ǫµνρλ∂νBρλ , (3.2)
such that the gravitino and its supersymmetry variations vanish [25]:
Ψµ = Ψ˜µ = 0 , δΨµ = δΨ˜µ = 0 . (3.3)
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This means that there exists spinors ζα and/or ζ˜
α˙ on the Riemannian manifold
(M4, gµν) that satisfy the generalized Killing equations:
(∇µ − iA(R)µ )ζ = −
i
2
V νσµσ˜νζ , (∇µ + iA(R)µ )ζ˜ =
i
2
V ν σ˜µσν ζ˜ . (3.4)
The Killing spinors are globally defined and nowhere-vanishing. Their existence
allows us to define curved-space rigid supersymmetries, with the supersymmetry
variations on fields written as:
δζ = iζQ , δζ˜ = iζ˜Q˜ , (3.5)
where Qα and Q˜α˙ denote the “curved-space supercharges” (one for each Killing
spinor). Note that the Killing spinors are bosonic and of R-charge ±1 while the
supercharges have R-charge ∓1, so that δ is a fermionic operation of vanishing R-
charge.
3.1.1 Complex structure and background supergravity fields
Given a Killing spinor ζ , the real bilinear tensor:
Jµν = −2iζ
†σµνζ
|ζ |2 , (3.6)
defines an integrable complex structure on M4 [27, 26]. One can preserve a single
supercharge on any Hermitian four-manifold. Given an Hermitian manifold,
(M4, gµν , Jµν) , (3.7)
one can explicitly solve for ζ and for the remaining supergravity background fields:
Vµ =
1
2
∇νJνµ + Uµ , A(R)µ = Aˆ(R)µ +
i
4
Jµ
ν∇ρJρν , (3.8)
with Uµ satisfying UνJ
ν
µ = iUµ and ∇µUµ = 0. Here, for later reference, we defined:
Aˆ(R)µ = A
c
µ −
1
2
∇νJνµ , Acµ ≡
1
4
(∂ν log
√
g)Jνµ + ∂µs . (3.9)
The expression for Acµ is only valid in complex coordinates adapted to the complex
structure; the function s in (3.9) is a U(1)R gauge transformation parameter. We
will use the notation Xµ (µ = 1, · · · , 4) for the four-dimensional real coordinates,
and:
w = w(X) , z = z(X) , (3.10)
for the complex coordinates w, z on M4.
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3.1.2 Half-BPS Hermitian geometry
In the following, our main interest will be in half-BPS supersymmetric backgrounds
which preserve two Killing spinors of opposite chiralities, ζ and ζ˜. The second Killing
spinor, ζ˜, defines a second complex structure:
J˜µν = −2i
ζ˜†σ˜µν ζ˜
|ζ˜|2
, (3.11)
and a complex Killing vector:
Kµ = ζσµζ˜ , ∇µKν +∇νKµ = 0 . (3.12)
We will assume that K commutes with its complex conjugate, [K, K¯] = 0. Then,
the background geometry admits two commuting complex structures, [J, J˜ ] = 0, and
K is anti-holomorphic with respect to both:
JµνK
ν = −iKµ , J˜µνKν = −iKµ , (3.13)
We choose the holomorphic coordinates (3.10) such that:
K =
2
β1
∂w¯ , (3.14)
with β1 > 0 a real positive constant introduced for later convenience. The holomor-
phic coordinates adapted to the complex structure J˜ are (w, z¯). The background
geometry is locally a T 2 fibration,22 and the Hermitian metric (with respect to J)
can be written in the canonical form [26]:
ds2(M4) = Ω(z, z¯)(dw + h(z, z¯)dz)(dw¯ + h¯(z, z¯)dz¯) + 2gzz¯(z, z¯)dzdz¯ . (3.15)
The factor Ω(z, z¯) is related to the norm of the Killing vector, and of the Killing
spinors, as:
|K|2 ≡ KµK¯µ = 2|ζ |2|ζ˜|2 = 2β−21 Ω2 . (3.16)
For simplicity (and without much loss of generality), we will restrict ourselves to the
case Ω = β1, so that |K|2 = 2.
The supergravity background fields Vµ and A
(R)
µ are still given by (3.8), with the
additional constraint:
Uµ = κKµ , K
µ∂µκ = 0 . (3.17)
The parameter κ is part of the definition of the supersymmetric background, and
it can be chosen arbitrarily. In the following, we will mostly be interested in the
case of a product four-manifold M4 ∼= M3 × S1, and we will require that the 4d
N = 1 supersymmetric background admits a consistent reduction to a 3d N = 2
supersymmetric background on M3 [42]. This will fix κ uniquely.
22This is also true globally forM4 as a topological manifold, but the T 2 fibers need not coincide
with the orbits of Kµ, as the latter need not close. When they do, we have an elliptic fibration over
an Riemann surface orbifold. (See e.g. [58] for a thorough discussion of the 3d analogue.)
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Topological-holomorphic twist. In the following adapted complex frame:23
e1 = β1(dw + h(z, z¯)dz) , e
2 =
√
2gzz¯(z, z¯)dz ,
e1¯ = β1(dw¯ + h¯(z, z¯)dz¯) , e
2¯ =
√
2gzz¯(z, z¯)dz¯ ,
(3.18)
the Killing spinors take the particularly simple form:
ζα = e
is
(
1
0
)
, ζ˜ α˙ = e−is
(−1
0
)
. (3.19)
Let us define the projectors onto holomorphic vectors in either complex structure:
Πµν =
1
2
(δµν − iJµν) , Π˜µν =
1
2
(δµν − iJ˜µν) , (3.20)
and similarly for the anti-holomorphic projectors:
Π¯µν =
1
2
(δµν + iJ
µ
ν) ,
¯˜
Π
µ
ν =
1
2
(δµν + iJ˜
µ
ν) . (3.21)
Since the two complex structure commute, we can project any vector Xµ into its
four components Xw, X w¯, Xz, X z¯, respectively, and similarly for any tensor. One
can also define an adapted connection, ∇ˆ, that preserves both complex structures:
∇ˆµgνρ = 0 , ∇ˆµJνρ = 0 , ∇ˆµJ˜νρ = 0 . (3.22)
It is defined by:
Γˆµνρ = Γ
µ
νρ +K
µ
νρ (3.23)
with Γµνρ the Levi-Civita connection, and:
Kµνρ =
1
2
Jµ
αJν
βJρ
γ(dJ)αβγ , (3.24)
the contorsion tensor, with (dJ)µνρ ≡ ∇µJνρ + ∇νJρµ + ∇ρJµν .24 This connection
has non-trivial torsion:
T µνρ = K
µ
νρ −Kµρν = ǫµνρλJλσ∇κJκσ . (3.25)
In terms of the adapted connection, the Killing spinor equations take the simple
form:
(∇ˆµ − iAˆ(R)µ )ζ = 0 , (∇ˆµ + iAˆ(R)µ )ζ˜ = 0 , (3.26)
with Aˆ
(R)
µ defined in (3.9). The connection ∇ˆ has a U(1) holonomy which can be
“twisted” by the U(1)R gauge field. Whenever the orbits of K
µ close, we have a
proper elliptic fibration over a two-dimensional complex space Σ and the 4d N = 1
supersymmetric background is precisely the four-dimensional uplift of the topological
A-twist on Σ [59, 26]. The half-BPS supersymmetric background (3.8)-(3.15) can
then be understood as a topological-holomorphic twist—that is, holomorphic along
the fiber direction [13] (with coordinate w) and topological along the base (with
coordinate z).
23Our conventions for spinors are given in Appendix A.1. Here and henceforth, we set Ω = β1.
24The expression for Kµνρ takes the same form when written in terms of J˜
µ
ν .
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3.2 Background vector multiplet and minimal coupling
Consider an N = 1 theory with a flavor symmetry group GF , and let us introduce a
background vector multiplet VF for that symmetry. Its component fields are:
VF = (aµ , λα , λ˜α˙ , D) , (3.27)
with λ, λ˜ a “background” gaugino. Note again that we fixed the Wess-Zumino gauge
for VF , and work only in terms of the remaining “physical” components (3.27).
The supersymmetry variations in WZ gauge [23] are famously modified by including
a compensating gauge transformation into the supersymmetry transformation, to
preserve the WZ gauge. This implies that the supersymmetry algebra itself become
gauge-covariant under GF .
Let us then consider the background vector multiplet (3.27) in addition to the
supersymmetric curved-space background on M4. Note that, while we require the
supergravity background fields to be fixed to definite values so that (3.3) holds, as
described above, we do not impose any requirement on VF at this point—we will
need to consider arbitrary background values of the fields (3.27), including for the
gaugino.
Given two Killing spinors ζ and ζ˜, we have two independent supersymmetries
on M4, denoted by δζ and δζ˜ , respectively, satisfying the following curved-space
supersymmetry algebra [13]:
δ2ζΦ(s,r) = δ
2
ζ˜
Φ(s,r) = 0 ,
{δζ , δζ˜}Φ(s,r) = 2i
(
LK − irKµ
(
A(R)µ +
3
2
Vµ
)
− iKµaµ
)
Φ(s,r) ,
(3.28)
on any field Φ(s,r) of spin s, R-charge r and arbitrary flavor charges. Here, LK denotes
the Lie derivative along the Killing vector Kµ, and the background gauge field aµ
acts in the appropriate GF representation.
The curved-space rigid supersymmetry transformations for the vector multiplet
(3.27) are given by:
δζaµ = iζσµλ˜ , δζ˜aµ = iζ˜ σ˜µλ ,
δζλ = iζD + σ
µνζ fµν , δζ˜λ = 0 ,
δζ λ˜ = 0 , δζ˜ λ˜ = −iζ˜D + σ˜µν ζ˜ fµν ,
δζD = −Dµ(ζσµλ˜) + 2iVµζσµλ˜ , δζ˜D = Dµ(ζ˜ σ˜µλ) + 2iVµζ˜ σ˜µλ ,
(3.29)
in the WZ gauge. Here, we defined the field strength
fµν = ∂µaν − ∂νaµ − i[aµ, aν ] , (3.30)
and the covariant derivatives Dµ are understood to be appropriately gauge covariant,
including under U(1)R—for instance, Dµλ = ∇µλ− iA(R)µ λ− i[aµ, λ].
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Coupling to an abelian conserved current. Let us focus on the case of an
abelian GF , for simplicity. In a supersymmetric theory, any U(1) conserved current
operator jµ (with the conservation equation ∇µjµ = 0 on M4), sits in a linear
multiplet:
J = (J , jµ , jα , j˜α˙ ) . (3.31)
The supersymmetry variations are:
δζJ = iζj , δζ˜J = iζ˜ j˜ ,
δζjα = 0 , δζ˜jα = (σ
µζ˜)α
(
∂µJ − ijµ − 2iVµJ
)
,
δζ j˜
α˙ = −(σ˜µζ)α˙(∂µJ + ijµ+2iVµJ) , δζ˜ j˜α˙ = 0 ,
δζjµ = −2∇ν(ζσµνj) , δζ˜jµ = 2∇ν(ζ˜ σ˜µν j˜) .
(3.32)
We then have the supersymmetric minimal coupling:
SVJ [VF ] =
∫
d4x
√
g LVJ [VF ] , LVJ [VF ] ≡ aµjµ +DJ − λj − λ˜j˜ . (3.33)
In the following, we will consider small variations of the background vector multiplet
around a fixed value, V(0)F , denoted by ∆VF :
V = V(0)F +∆VF . (3.34)
On any supersymmetric background M4, the first-order correction to the effective
action upon a small change of the sources is captured by the expectation value of
the minimal coupling (3.33).
Supersymmetric background. A supersymmetric background for the vector
multiplet is a bosonic configuration (aµ, D) such that the gaugino and its variations
vanish:
λ = λ˜ = 0 , δζλ = 0 , δζ˜ λ˜ = 0 . (3.35)
On our half-BPS geometry, this corresponds to:
fww¯ = 0 , fw¯z¯ = 0 , fw¯z = 0 , D = −1
2
Jµνfµν . (3.36)
We will consider real background gauge fields aµ on Mg,p × S1, in which case the
only non-vanishing gauge-field curvature component is fzz¯. The background gauge
field is the connection of a holomorphic line bundle overM4 [6], which we denote by
LF .
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3.3 M3 × S1 supersymmetric partition functions and holomorphy
Consider any 4d N = 1 supersymmetric theory with a U(1)R symmetry. Its super-
symmetric partition function onM4, denoted by ZM4, is the path integral on a fixed
supersymmetric background for the geometry and for the vector multiplet VF :
LF →M4 : (gµν , A(R)µ , Vµ ; aµ , D) . (3.37)
Naively, the partition function may depend on all the background fields shown
in (3.37). However, it was argued in [6] that, given an Hermitian four-manifold
M4 and a choice of flavor line bundle LF , the partition function ZM4 only depends
on two types of continuous complex parameters:
ZM4(ν, τ) . (3.38)
Here, we have:25
(i) the “geometric” parameters τ , which are complex structure moduli of the com-
plex manifold M4;
(ii) the flavor parameters ν, which are holomorphic line bundle moduli of the line
bundles LF . (That is, for abelian symmetries; they are holomorphic vector
bundle moduli in general.)
In particular, for any fixed complex structure on M4, the supersymmetric partition
function is independent of the choice of Hermitian metric. Moreover, the partition
function was found to be holomorphic in all of its continuous parameters:
∂
∂ν¯
ZM4(ν, τ) = 0 ,
∂
∂τ¯
ZM4(ν, τ) = 0 . (3.39)
These results seemingly holds for any supersymmetric background (3.37) preserving
at least one supercharge. For half-BPS geometries, we have further restrictions, and
the theory becomes fully topological along the z, z¯ directions [6].
These results were derived by a standard argument. Consider the effective action
W [b], defined as minus the logarithm of the partition function in the presence of the
supersymmetric background fields bn:
W [b] = − logZM4 [b] , (3.40)
and consider an infinitesimal variation:
bn = b
(0)
n +∆bn , (3.41)
of the background fields bn around some particular supersymmetric value, b
(0)
n , while
keeping bn supersymmetric. Each independent variation ∆bn couples to a particular
25Here we are glossing over some of the needed geometric data [6], for simplicity.
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bosonic operator On contained in the R-multiplet or in the linear multiplet J of the
quantum field theory coupled to M4, so that:
∂
∂∆bn
W [b(0)] =
〈∫
d4x
√
gOn
〉
M4
, (3.42)
at first order in ∆bn. Whenever the insertion is Q-exact:∫
d4x
√
gOn =
{
Q,
∫
d4x
√
g ψn
}
, (3.43)
for ψn some fermionic operator, the expression (3.42) vanishes and the partition
function is independent of that particular parameter bn. This result relies on the fact
that the expectation value of any Q-exact operator vanishes:〈O〉
M4
=
〈{Q,ψ}〉
M4
= 0 . (3.44)
As in 2d, the existence of flavor ’t Hooft anomalies will amend this simple picture,
and imply an anomalous dependence of the partition function on some Q-exact cou-
plings [14, 22] .
3.4 Supersymmetry variation of the effective action
Let W = W [VF ] denote the effective action in the presence of arbitrary flavor-
symmetry sources (3.27), including the background gauginos:
W [VF ] =W [aµ, λ, λ˜, D] , (3.45)
on a fixed background M4; we now consider GF = U(1), for simplicity. Since the
theory is supersymmetric, we would expect that:
δζW
?
= 0 , δζ˜W
?
= 0 , (3.46)
under the supersymmetry transformations (3.29) of the background fields. This
is inconsistent with U(1) gauge invariance and diff-invariance whenever the U(1)
symmetry suffers from ’t Hooft anomalies [14], in the following sense. Let δα denote
a gauge transformation with gauge parameter α, with:
δαaµ = ∂µα , δαλ = δαλ˜ = δαD = 0 . (3.47)
The consistent anomalous variation of the effective action takes the form:
δαW =
iAqqq
96π2
∫
d4x
√
g αǫµνρσfµνfρσ +
iAq
384π2
∫
d4x
√
g αP + · · · , (3.48)
with:
fµν = ∂µaν − ∂νaµ , P = 1
2
ǫµνρσRµνλκRρσ
λκ , (3.49)
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the U(1) field strength and the Pontryagin density, respectively, with Rµνρλ the Rie-
mann tensor of the metric gµν . The ellipsis in (3.48) denotes additional contributions
from mixed U(1)R-U(1) anomalies, to be discussed in subsection 3.8 below. The cu-
bic and mixed U(1)-gravitational ’t Hooft anomalies coefficients are normalized such
that Aqqq = q3 and Aq = q for a single chiral fermion ψα of charge q. In a Lagrangian
theory, we have:
Aqqq = tr(γ5Q3F ) , Aq = tr(γ5QF ) , (3.50)
where the trace is a sum over all the chiral fermions charged under U(1). The
supersymmetry variations of the U(1) anomaly (3.48) are non-trivial. We have:
δζ(δαW ) =
Aqqq
24π2
∫
d4x
√
g ∂µα ǫ
µνρλζσνλ˜fρλ , (3.51)
and similarly for δζ˜(δαW ). Since the supersymmetry and gauge transformations
commute, we necessarily have δα(δζW ) 6= 0, and therefore there must be a non-trivial
supersymmetry variation of the quantum effective action, δζW 6= 0. More generally,
the supersymmetry variations must satisfy the following Wess-Zumino consistency
conditions [14, 22]:
[δα, δζ ]W = [δα, δζ˜ ]W = 0 ,
{δζ , δζ˜}W = δα(a)W , with α(a) = −2iKµaµ .
(3.52)
Note the aµ-dependent gauge transformation on the second line, which is a conse-
quence of working in the WZ gauge for the vector multiplet. The consistency condi-
tions (3.52) determines the anomalous supersymmetry variations, δζW and δζ˜W , on
a fixed curved-space supersymmetric background.
At this point, an important comment is in order. The curved-space supersym-
metry algebra (3.28) takes the form:
{δζ , δζ˜} = δξ(K) + δα(a) , (3.53)
with δξ(K) a diffeomorphism along the Killing vector K. In four dimensions, we can
always choose a scheme which preserves diffeomorphism invariance, and therefore
δξW = 0 for any ξ. This leads to the WZ conditions (3.52). The results of this
paper are then only valid in such a diff-invariant scheme. The condition (3.52) has
the important implication that, in any diff-invariant scheme, the variations δζW and
δζ˜W cannot vanish, because their commutator gives a gauge-transformation, and the
latter is non-zero in any scheme by the assumption that a flavor ’t Hooft anomaly
exists [16]. 26
26Note, however, that this argument holds only when the background supergravity fields are
allowed to vary arbitrarily. On a fixed half-BPS geometry—that is, for fixed Killing spinors—,
there might well exist a diff-invariant local term that cancels δζW , and therefore cancels the gauge
anomaly for the particular gauge parameter a(α) in (3.52), as we discussed at the end of section 2.5.
In any case, this appears not to be the case in 4d [14].
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Let us decompose the supersymmetry variations into contributions from the
cubic and linear flavor ’t Hooft anomalies:
δζW = δζW |q3 + δζW |q + · · · , δζ˜W = δζ˜W |q3 + δζ˜W |q + · · · , (3.54)
where the ellipsis denotes the contribution from other potential anomalies, to be
discussed later on. One finds:
δζW |q3 = −Aqqq
24π2
∫
d4x
√
g
(
ǫµνρσζσµλ˜ aνfρσ − 3iζλ λ˜λ˜
)
,
δζ˜W |q3 = −
Aqqq
24π2
∫
d4x
√
g
(
ǫµνρσ ζ˜ σ˜µλ aνfρσ + 3iζ˜λ˜ λλ
)
,
(3.55)
for the cubic-anomaly contribution. The term linear in the gaugino obviously follows
from (3.51); the second term, which is gauge-invariant and cubic in the gaugino,
is fixed by the second line of (3.52). This result was first obtained in flat space
in [14], and much more recently on curved space but at first order in the gauginos
in [22]; here we give the full expression valid on any curved-space N = 1 new-minimal
rigid-supersymmetric background.
The mixed U(1)-gravitational anomaly contribution to δζW is harder to study
on a fixed supergravity background. On any half-BPS four-manifold, the Pontraygin
density turns out to be a total derivative:
P = −∇µPµ , (3.56)
with the vector Pµ a local expression of dimension 3 in the supergravity fields [60].
Then, one can easily check that the following terms solve the Wess-Zumino consis-
tency conditions:
δζW |q = − Aq
384π2
∫
d4x
√
g ζσµλ˜Pµ , δζ˜W |q = −
Aq
384π2
∫
d4x
√
g ζ˜σ˜µλPµ .
This solves (3.52), as one can see using (3.56) and the fact that Pµ is invariant under
the isometry K of the background. Note that the vector Pµ is only defined up to a
divergenceless quantities; to completely fix it, one should consider the full background
new-minimal supergravity away from the rigid-supersymmetry limit. One actually
finds [22]:
δζW |q = 0 , δζ˜W |q = 0 , (3.57)
on any half-BPS supersymmetric background. We will give another argument to that
effect in section 3.9.
3.5 Non-holomorphy of the supersymmetric partition function ZM4
Even though the supersymmetry variation (3.54) vanishes when we set the back-
ground gauginos to zero, it has some important consequence for supersymmetric
partition functions, as we now explain.
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On curved space with two Killing spinors ζ and ζ˜, it will be convenient to in-
troduce the following twisted notations for the gauginos in the background vector
multiplet:
Λ˜µ = ζσµλ˜ , Λµ = ζ˜ σ˜µλ . (3.58)
The minimal coupling (3.33) to the linear multiplet then reads:
LVJ = aµj
µ +DJ + Λµj
µ + Λ˜µ˜j
µ , (3.59)
where we introduced the twisted fermionic operators:
j˜µ =
1
2
ζ†σµj˜
|ζ |2 , j
µ =
1
2
ζ˜†σ˜µj
|ζ˜|2
, (3.60)
It follows from their definition that Λ˜ and j˜ are holomorphic one-forms and vec-
tors, respectively, with respect to the complex structure Jµν ; similarly, Λ and j are
holomorphic with respect to J˜µν .
The case of a single Killing spinor ζ. Let us first look at the case of a single
curved-space supercharge, with Killing spinor ζ . We consider small variations of the
background gauge field near the supersymmetric locus:
fw¯z¯ = 0 , D = −1
2
Jµνfµν . (3.61)
In particular, we allow a small variation ∆D of the background field D around its
supersymmetric value. We also turn on background gauginos:27
λα , Λ˜µ = ζσµλ˜ . (3.62)
Then, the effective action W = W [aµ, λα, Λ˜µ,∆D] has a nilpotent supersymmetry:
δζaµ = iΛ˜µ , δζλα = iζα∆D , δζΛ˜µ = 0 , δζ∆D = 0 , (3.63)
with δζW determined by the ’t Hooft anomalies as discussed above. Let us define
the operator:
J µ ≡ jµ − i∂µJ + 2V µJ , (3.64)
in terms of the linear multiplet operators (3.31). It follows from (3.32) that:
δζ j˜
µ = iΠµνJ ν , (3.65)
where Πµν is the projector on the holomorphic indices, as defined in (3.20). Using
the complex coordinate indices Xµ = (zi, z¯ i¯), we can write the minimal coupling as:
LVJ = aiJ i + ai¯(j i¯ + i∂ i¯J + 2V i¯ − 2U i¯) + JDˆ − λj + Λ˜µ˜jµ . (3.66)
27When considering the effect of a single supercharge, we cannot use ζ˜ to “twist” λα into a one-
form as in (3.58); instead, we could write it in terms of two scalars γ = ζλ and η = ζ
†λ
|ζ|2 , but this
will not be necessary for our discussion.
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We see that the holomorphic gauge field components, ai, couple to aQ-exact operator.
We have:
δW
δai
=
〈J i〉
M4
= −i
〈
δζ j˜
i
〉
M4
. (3.67)
Assuming that Q-exact operators decouple, we would conclude that the partition
function is independent of ai, and only depends on the background gauge field aµ
through ai¯; in fact, one can then easily show that the dependence is only through
the holomorphic moduli of the line bundle LF ; they are in one-to-one correspondence
with the Dolbeault cohomology classes:
[∆ai¯] ∈ H0,1(M4) . (3.68)
Due to the quantum correction to the supersymmetric Ward identity, however, the
right-hand-side of (3.67) does not vanish. Instead, since j˜i couples to Λ˜i as shown in
(3.67), we have:
δW
δai
= −i δ
δΛ˜i
(δζW )
∣∣∣
λ=λ˜=0
. (3.69)
This anomalous Ward identity gives rise to a holomorphy anomaly in the flavor-
parameter dependence of supersymmetric partition functions. Since the supersym-
metry variation (3.55) has a term linear in Λ˜, the holomorphy anomaly (3.69) will
generally be non-vanishing.
The case of a two Killing spinors, ζ and ζ˜. Consider now the case of a half-BPS
background. We define the linear-multiplet operators:
J˜ µ ≡ jµ + i∂µJ + 2V µJ , (3.70)
in addition to (3.64). We now have the relations:
δζ j˜
µ = iΠµνJ ν , δζ˜jµ = iΠ˜µν J˜ ν , (3.71)
in terms of the projectors (3.20). This is equivalent to:
δζ j˜
w = iJ w , δζ j˜z = iJ z , δζ˜jw = iJ˜ w , δζ˜jz¯ = iJ˜ z¯ . (3.72)
Expanding around the supersymmetry locus (3.36), the linear coupling (3.59) reads:
LVJ = awJ w + aw¯(J˜ w¯ − κKw¯) + azJ z + az¯J z¯ + J∆D
+ Λwj
w + Λzj
z + Λ˜w j˜
w + Λ˜z¯ j˜
z¯ .
(3.73)
In this case, only aw¯ does not couple to aQ-exact operator, and therefore the partition
function is expected to depend only on the corresponding line bundle modulus, which
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we denote by ν. Note also that the coupling awJ w in (3.73) is equivalent to awJ˜ w
by integration by part. We then find the anomalous Ward identities:
δW
δaw
= −i δ
δΛ˜w
(δζW )
∣∣∣
λ=λ˜=0
= −i δ
δΛw
(δζ˜W )
∣∣∣
λ=λ˜=0
,
δW
δaz
= −i δ
δΛ˜z
(δζW )
∣∣∣
λ=λ˜=0
,
δW
δaz¯
= −i δ
δΛz¯
(δζ˜W )
∣∣∣
λ=λ˜=0
.
(3.74)
In section 4, we will evaluate these identities explicitly, for a large class of half-BPS
supersymmetric partition funtions.
3.6 The small-βS1 limit of ZM3×S1(ν, τ)
Whenever the four-dimensional background is of the form:
M4 ∼=M3 × S1 , (3.75)
it is interesting to consider the small-circle limit, βS1 → 0, where βS1 is the radius of
the S1. Formally, this is a “high-temperature” limit of the supersymmetric partition
function. At finite temperature—and also with supersymmetry-preserving boundary
conditions on the Euclidean time circle, provided that generic fugacities are turned
on—, it is expected that the effective action is local in the background gauge field
and metric, order by order in βS1 [32, 33]. For any set of background fields b, we
have:
W [b] ∼
βS1→ 0
1
βS1
W
(−1)
3d [b] +W
(0)
3d [b] + βS1W
(1)
3d [b] + · · · . (3.76)
The 1/βS1 term was studied in [33]; it is fully gauge invariant and supersymmetric.
The finite term W
(0)
3d roughly corresponds to the supersymmetric partition function
of the 3d N = 2 theory on M3 obtained from the 4d N = 1 theory by dimensional
reduction, up to important subtleties that will not affect our discussion—see [61, 62,
63, 41]. Here, we are interested in the order-βS1 functional in (3.76). Let us introduce
the notation:
W3d[b] ≡ βS1W (1)3d [b] . (3.77)
This term should capture all the anomalies of the four-dimensional theory, including
the anomalous variation δζW , which allows us to fix it entirely—modulo fully gauge-
invariant and supersymmetric terms, which do not contribute on the supersymmetric
locus.
3.6.1 Dimensional reduction and 3d N = 2 supersymmetry
Before discussing the anomalies, we need to recall some formalism to deal with su-
persymmetry on M3. Here, we assume that the background is half-BPS, with two
Killing spinors ζ and ζ˜.
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3d N = 2 supergravity background fields. We couple the 4d N = 1 theory to
a fixed N = 1 new-minimal supergravity background onM3× S1, and similarly the
three-dimensional reduced theory couples to a 3dN = 2 supersymmetric background
onM3, of the type studied in [42]. The three-dimensional bosonic supergravity fields
are denoted by:
g(3d)µν , A
(R)
µ , H , Vµ . (3.78)
The three-dimensional Killing spinor equations read:
(∇µ − iA(R)µ )ζ = −
1
2
Hγµζ +
i
2
Vνγµγνζ ,
(∇µ + iA(R)µ )ζ˜ = −
1
2
Hγµζ˜ − i
2
Vνγµγν ζ˜ .
(3.79)
Our conventions for the 3d γ-matrices are given in Appendix A.12. We choose the
following Kaluza-Klein reduction ansatz for the metric:
ds2(M4) = (βS1dt+ cµdxµ)2 + ds2(M3) . (3.80)
We will focus on the case of a topologically-trivial circle bundle over M3, in which
case the graviphoton cµ is actually a well-defined one-form on M3. The three-
dimensional background field Vµ should be given in terms of the 3d graviphoton,
as:
Vµ = −iǫµνρ∂νcρ . (3.81)
Let us also define the unit-norm one-form:
eˆ0 = βS1dt + cµdx
µ . (3.82)
Then, the 3d and 4d supergravity fields are related as [42]:
VµdX
µ = Heˆ0 +
1
2
Vµdx
µ , A(R)µ dX
µ = −1
2
Heˆ0 +
(
A(R)µ +
1
4
Vµ
)
dxµ , (3.83)
where Xµ and xµ denote the coordinates on M4 and M3, respectively.
Transversely holomorphic structure (THF) on M3. The 4d Killing spinors
descend to 3d Killing spinors. In terms of the latter, one can define the following
real one-form on M3:
ηµ ≡ ζ
†γµζ
|ζ |2 = −
ζ˜†γµζ˜
|ζ˜|2
, (3.84)
with the last equality being a property of the half-BPS backgrounds under consider-
ation [42]. We also define the three-dimensional tensor:
Φµν = −ǫµνρηρ . (3.85)
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These objects define a metric-compatible THF, which is obtained from the complex
structure onM4 by dimensional reduction. In the conventions of Appendix A.2, we
have:
ηµ = J
0
µ = eˆ
0
νJ
ν
µ , Φ
µ
ν = J
µ
ν
∣∣
3d
. (3.86)
The one-form η = ηµdx
µ has unit norm and defines the foliation. The THF-adapted
metric on M3 takes the canonical form:
ds2(M3) = η2 + 2gzz¯dzdz¯ , (3.87)
with z, z¯ the transverse holomorphic coordinates [42].
Dimensional reduction of the background gauge field. The 4d N = 1 vector
multiplet reduces to a 3d N = 2 vector multiplet:28
V(3d)F = (Aµ , σ , λα , λ˜α , D) . (3.88)
The three-dimensional gauge field Aµ and scalar σ are related to the four-dimensional
gauge field aµ by:
aµdX
µ = σeˆ0 + Aµdx
µ . (3.89)
The three-dimensional supersymmetry transformations on M3 are given by:
δζAµ = −iζγµλ˜ ,
δζσ = −ζλ˜ ,
δζλα = iζα (D + σH)− i(γµζ)α
(1
2
ǫµνρF
νρ + ∂µσ + iVµσ
)
,
δζ λ˜α = 0 ,
δζD = ∇µ
(
ζγµλ˜
)− iVµζγµλ˜−Hζλ˜ ,
(3.90)
and:
δζ˜Aµ = −iζ˜γµλ ,
δζ˜σ = ζ˜λ ,
δζ˜λα = 0 ,
δζ˜ λ˜α = −iζ˜ (D + σH)− i(γµζ˜)α
(1
2
ǫµνρF
νρ − ∂µσ + iVµσ
)
,
δζ˜D = −∇µ
(
ζ˜γµλ
)− iVµζ˜γµλ+Hζ˜λ ,
(3.91)
with Fµν the field strength of Aµ. Here, we again focus on the case of an abelian
vector multiplet, for simplicity. On the supersymmetric locus, we have:
D = −σH+ 1
2
ǫµνρηµFνρ + iη
µVµσ , ∂µσ = 0 . (3.92)
Note also that the combination ηµAµ + iσ is invariant under supersymmetry.
28The scalar D is defined with a shift with respect to its 4d counterpart, D3d = D4d − σH [42].
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3.6.2 ’t Hooft anomalies and three-dimensional local functional
Let us now consider the reduction of the 4d anomalies to three dimensions. Since
the 3d effective action should be local, in the small-βS1 expansion, the 3d reduction
of the anomalies should be the variation of a 3d local term of order βS1, which we
denoted by W3d in (3.77).
Reduction of the U(1) anomaly. Consider first the U(1) ’t Hooft anomaly (3.48).
Its three-dimensional reduction is given by:
δαW
∣∣
3d, q3
= − iAqqq
12π
βS1
∫
d3x
√
gα
(
− ǫµνρ∂µσFνρ − 2iVµσ∂µσ
)
= − iAqqqβS1
12π
∫
d3x
√
g ∂µα
(
σǫµνρFνρ + iV
µσ2
)
,
(3.93)
for the cubic anomaly, and:
δαW
∣∣
3d, q
=
iAqβS1
192π
∫
d3x
√
g ∂µαN
µ , (3.94)
for the mixed U(1)-gravitational anomaly, formally. 29 On any four-manifold of the
formM3×S1, the Pontryagin density vanishes, and therefore so does (3.94), namely:
δαW
∣∣
3d, q
= 0 . (3.95)
Reduction of the supersymmetry variations. Similarly, the three-dimensional
reduction of δζW and δζ˜W is given by:
δζW
∣∣
3d, q3
=
Aqqqβ
12π
∫
d3x
√
g
{
ǫµνρ
(
iζλ˜ AµFνρ + 2ζγµλ˜ Aν∂ρσ
)
− 2ζλ˜ σAµVµ + ǫµνρζγµλ˜ σFνρ + 2iζγµλ˜ σ2Vµ − 3iζλλ˜λ˜
}
,
δζ˜W
∣∣
3d, q3
=
Aqqqβ
12π
∫
d3x
√
g
{
ǫµνρ
(
−iζ˜λAµFνρ + 2ζ˜γµλAν∂ρσ
)
+ 2ζ˜λ σAµV
µ + ǫµνρζ˜γµλ σFνρ + 2iζ˜γµλ σ
2Vµ + 3iζ˜ λ˜λλ
}
,
(3.96)
for the cubic anomaly contribution (3.55), and by:
δζW
∣∣
3d, q
= δζ˜W
∣∣
3d, q
= 0 , (3.97)
for the mixed U(1)-gravitational anomaly contribution, according to (3.57).
29Here, we defined the vector:
Nµ = 4iGµνVν − 2iVµVνVν , Gµν ≡ Rµν − 1
2
gµνR ,
with Gµν the Einstein tensor of the three-dimensional metric, for M4 a circle bundle over M3,
with Vµ defined as in (3.81). Then, the Pontryagin density of the 4d metric (3.80) can always be
written as P = −∇µNµ. Whenever the S1 is trivially fibered, P = 0.
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Explicit formula forW3d. As we explained, there should exist a three-dimensional
local functional, W3d, of the vector multiplet, in the fixed 3d N = 2 supergravity
background on M3, such that:
δαW3d = δαW
∣∣
3d
, δζW3d = δζW
∣∣
3d
, δζ˜W3d = δζ˜W
∣∣
3d
. (3.98)
Up to any three-dimensional action that is gauge-invariant and supersymmetric under
(3.90)-(3.91), the functional W3d must take the form:
30
W3d = W3d|q3 +W3d|q . (3.99)
The mixed U(1)-gravitational anomaly contribution must vanish, W3d|q = 0. By a
straightforward computation, one can check that there is a unique possibility for the
cubic-anomaly contribution, given by:
W3d|q3 = AqqqβS1
12π
∫
d3x
√
g
(
− iσǫµνρAµFνρ + 3σ2D − 6iσλ˜λ
+ σ2AµV
µ + σ3H
)
.
(3.100)
The first line in (3.100) is the flat-space answer, while the second line adds additional
couplings to the curved-space supersymmetric background.
3.7 Generalization to any abelian flavor symmetry
The above discussion can be generalized straightfowardly to any abelian flavor group:
GF =
∏
α
U(1)α . (3.101)
(For a non-abelian GF , we focus on the maximal torus, which is what is generally
done when discussing supersymmetric partition functions.) The GF anomaly can be
obtained from the anomaly polynomial:
P6 =
1
24π2
∑
α,β,γ
Aαβγqqq fα ∧ fβ ∧ fγ −
1
384π2
∑
α
Aαfα ∧ tr(R ∧R) , (3.102)
by the descent relations, P6 = dQ5 and δαQ5 = d(αω4). Then, the cubic ’t Hooft
anomaly reads:
δαW
∣∣
q3
=
∑
α,β,γ
iAαβγqqq
24π2
∫
M4
αα fβ ∧ fγ , (3.103)
with α denoting an arbitrary abelian gauge parameter along (3.101), and with fα =
daα for the background gauge fields aα,µ. The sum over repeated flavor indices will
30Here we take only into account the contribution from the U(1) flavor anomaly. There can be
additional contributions from mixed U(1)-U(1)R anomalies, which we will consider in section 3.8
below.
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be left implicit, in the following. Note that the ’t Hooft anomaly coefficient Aαβγqqq is
fully symmetric in the three flavor indices α, β, γ.
The expression (3.103) is valid up to ambiguities that correspond to the gauge-
variations of local terms—those, in turn, correspond to ambiguities in the descent
relations. For instance, given two abelian symmetries U(1)α and U(1)β with α 6= β,
we could always add the local term: 31
Wloc =
i
24π2
∫
M4
(
sAααβqqq aβ ∧ aα ∧ fα + tAαββqqq aα ∧ aβ ∧ fβ
)
, (3.104)
with s, t ∈ R some arbitrary coefficients. The addition of such counterterms to the
effective action can “move around” the mixed anomalies; for instance, setting s = −2
and t = 1 would ensure that the variation δααW only depends on the gauge field aα,
at the price of pushing all the mixed anomalies into δαβW . Here and in the following,
we always work in the “symmetric” scheme which treats all the U(1)α factors equally,
in which case (3.103) holds.
The supersymmetry variations (3.55) are then generalized similarly, in the fully
symmetric scheme:32
δζW |q3 = −
Aαβγqqq
24π2
∫
d4x
√
g
(
ǫµνρσζσµλ˜α aβ,νfγ,ρσ − 3iζλα λ˜βλ˜γ
)
,
δζ˜W |q3 = −
Aαβγqqq
24π2
∫
d4x
√
g
(
ǫµνρσ ζ˜ σ˜µλα aβ,νfγ,ρσ + 3iζ˜ λ˜α λβλγ
)
,
(3.105)
The 3d local term that reproduces the 3d reduction of the anomalies (3.103) and
(3.105) takes the form:
W3d|q3 =
Aαβγqqq βS1
12π
∫
d3x
√
g
(
− iǫµνρσαAβ,µFγ,νρ + 3σασβDγ
+ σασβAγ,µV
µ + σασβσγH− 6iσαλ˜βλγ
)
,
(3.106)
generalizing (3.100).
3.8 R-symmetry contributions to δζW
Finally, we should discuss the effect of the R-symmetry background gauge field.
Consider again the case GF = U(1), to avoid clutter. The anomalous U(1) variation
of the effective action has contributions from mixed ’t Hooft anomalies U(1)2-U(1)R
and U(1)-U(1)2R, which read:
δαW
∣∣
R
=
iAqqR
48π2
∫
d4x
√
g αǫµνρσfµνf
(R)
ρσ +
iAqRR
96π2
∫
d4x
√
g αǫµνρσf (R)µν f
(R)
ρσ . (3.107)
31In this equation, there is no sum over repeated flavor indices.
32Here, the indices α, β, · · · are flavor indices, while the spinor indices are left implicit.
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This is the contribution that was denoted by an ellipsis in (3.48). Here, f (R) = da(R)
is the field strength of the U(1)R gauge field:
a(R)µ ≡ A(R)µ +
3
2
Vµ . (3.108)
The second term in (3.107) vanishes on the half-BPS background, because:
ǫµνρσf (R)µν f
(R)
ρσ = 0 , (3.109)
in that case. The mixed ’t Hooft anomalies (3.107) then contribute to right-hand-side
of the supersymmetry variation of W as:
δζW |R = − AqqR
24π2
∫
d4x
√
g ǫµνρσζσµλ˜
(
aνf
(R)
ρσ + a
(R)
ν fρσ
)
− AqRR
24π2
∫
d4x
√
g ǫµνρσζσµλ˜ a
(R)
ν f
(R)
ρσ ,
(3.110)
and similarly for δζ˜W . Note again that, in this paper, we focus on the flavor anomaly
on a fixed half-BPS background. The more general form of the mixed anomalies on
arbitrary supergravity backgrounds, including the contributions from the gravitino,
were recently discussed in [22].
4d U(1)R vector multiplet. An important property of the 4d N = 1 supergravity
multiplet is that it contains an ordinary vector multiplet for the R-symmetry, VR, as
a sub-multiplet of supersymmetry [64]. The gaugino λ(R) inside VR is a contraction
of the gravitino Ψµ. On the half-BPS backgroundM4, with Ψµ = δζΨµ = δζ¯Ψµ = 0,
we are left with the bosonic fields:
VR =
(
a(R)µ , D
(R)
4d
)
, (3.111)
with a
(R)
µ given in terms of the supergravity fields by (3.108), and:
D
(R)
4d =
1
4
(R + 6VµV
µ) , (3.112)
with R the four-dimensional Ricci scalar. One can verify that these combinations
of background fields satisfy the conditions (3.36) for an half-BPS vector multiplet,
namely:
f
(R)
ww¯ = f
(R)
w¯z¯ = f
(R)
w¯z = 0 , D
(R)
4d = −
1
2
Jµνf (R)µν . (3.113)
Note that the background gauge field a
(R)
µ is not real, unlike the background flavor
gauge fields that we consider in this paper; supersymmetry generally imposes that
a
(R)
µ be complex.
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The U(1)R vector multiplet controls the R-charge dependence of supersymmetric
partition functions [13]. Consider any mixing of the R-charge with abelian flavor
symmetries U(1)α:
R→ R +
∑
α
tαQ
α
F , (3.114)
with tα ∈ R some mixing parameters. The effect of this shift on the supersymmetric
partition function, computed with background vector multiplets VF,α, is simply to
shift the latter by the U(1)R vector multiplet itself:
VF,α → VF,α + tαVR . (3.115)
This allows us to treat the R-charge dependence systematically once we understand
the “flavor sector.” For instance, as a typical example of this approach, let us consider
a free chiral multiplet. The mixed flavor-R ’t Hooft anomaly coefficients for a chiral
multiplet of U(1) charge q and R-charge r are:
AqqR = q2(r − 1) , AqRR = q(r − 1)2 , (3.116)
and therefore we can ignore the effect of those anomalies if we choose r = 1. Then,
the general case can be obtained by starting from the “reference” R-charge R0 with
r = 1 and shifting the partition function of the free chiral to R = R0 + (r − 1)Q
using (3.115).
Similarly, the anomalous variations (3.107)-(3.110) can be obtained from (3.103)
and (3.105), simply by replacing one flavor index “α” by “R.” This again corresponds
to a fully symmetric scheme, treating a
(R)
µ and aα,µ on the same footing.
Dimensional reduction and 3d U(1)R vector multiplet. Finally, let us briefly
discuss the 3d reduction of the U(1)R vector multiplet:
V(3d)R = (A(R)µ , σ(R) , D(R)3d ) , (3.117)
Using (3.83) and (3.89), one can check that [13]:
A(R)µ = Aµ +Vµ , σ(R) = H , D(R)3d =
1
4
(R+ 2H2 + 2VµV
µ) , (3.118)
where R is the 3d Ricci scalar, which is related to the 4d Ricci by R = R+ 1
2
VµV
µ.
On any half-BPS background M3, we have the analogue of the condition (3.92) for
a vector multiplet on its supersymmetric locus, namely:
ǫµνρηµ∂ν(Aρ +Vρ) + iηµV
µH =
1
4
R+
3
2
H2 +
1
2
VµV
µ , ∂µH = 0 . (3.119)
One can then find 3d local terms that reproduce the mixed U(1)-U(1)R ’t Hooft
anomalies and are consistent with supersymmetry, by an appropriate generalization
of (3.100).
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3.9 Anomalous supersymmetry variation from WZ gauge-fixing
As in 2d, we can understand the 4d “anomalous supersymmetry variation,” δζW 6= 0,
as a direct consequence of the Wess-Zumino gauge-fixing procedure. This provides a
conceptually and technically simpler derivation of those anomalous variations, and
demonstrates that they are simple consequences of the ordinary ’t Hooft anomalies,
when working in the WZ gauge.
For simplicity of presentation, in this subsection, let us work in flat-space, R4,
so that we can use the 4d N = 1 superfield notation. (The generalization to rigid
supersymmetry on M4 is completely straigthforward.)
WZ gauge-fixing. Let us consider a theory coupled to a U(1) background vector
multiplet,
VF =
(
C , χ , χ˜ , M , M˜ , aµ , λ , λ˜ , D
)
. (3.120)
This corresponds to the real superfield:
VF = C + iθχ− iθ˜χ˜+ i
2
θθM − i
2
θ˜θ˜M˜ − θσµθ˜aµ(x)
+ iθθθ˜
(
λ˜+
i
2
σ˜µ∂µχ
)− iθ˜θ˜θ(λ+ i
2
σµ∂µχ˜
)
+
1
2
θθθ˜θ˜
(
D +
1
2
∂µ∂
µC
)
.
(3.121)
The gauge freedom of the gauge field, δαaµ = ∂µα, is supersymmetrized to:
δΩVF = i
2
(
Ω− Ω˜) , (3.122)
with the gauge parameters valued in a pair of chiral and anti-chiral multiplets, Ω
and Ω˜—in terms of superfields, we have:
Ω = ω +
√
2θψΩ + θθFΩ + · · · , Ω˜ = ω˜ +
√
2θ˜ψ˜Ω + θ˜θ˜F˜Ω + · · · . (3.123)
Let us define the gauge parameters α and γ by:
ω = α + iγ , ω˜ = α− iγ . (3.124)
In components, (3.122) is equivalent to:
δΩC = −γ , δΩχ = 1√
2
ψΩ , δΩχ˜ =
1√
2
ψ˜Ω ,
δΩaµ = ∂µα , δΩM = F
Ω , δΩM˜ = F˜
Ω ,
(3.125)
while λ, λ˜ and D are gauge-invariant. Using this gauge-freedom, we can fix the
so-called WZ gauge [23]:
C = χ = χ˜ =M = M˜ = 0 . (3.126)
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This leaves δαVF as a residual U(1) gauge transformation. Obviously, the WZ gauge
does not commute with supersymmetry. Nonetheless, one can define a consistent
set of supersymmetry transformations by accompanying any “bare” supersymmetry
transformation, denoted by δ
(0)
ζ or δ
(0)
ζ˜
, with a gauge transformation to restore the
WZ gauge:
δζ = δ
(0)
ζ + δΩ(ζ) , δζ˜ = δ
(0)
ζ˜
+ δΩ(ζ˜) . (3.127)
The compensating gauge transformations are given by specializing (3.125) to the
field-dependent gauge parameters:
Ω(ζ) : ω = ψΩα = F
Ω = ω˜ = 0 , ψ˜Ωα˙ = i
√
2(ζσµ)α˙ aµ , F˜
Ω = −2ζλ , (3.128)
or:
Ω(ζ˜) : ψΩα = −i
√
2(σµζ˜)α aµ , F
Ω = −2ζ˜ λ˜ , ω = ω˜ = ψ˜Ωα˙ = F˜Ω = 0 , (3.129)
respectively. 33
’t Hooft anomaly and supersymmetry. Let us first consider the cubic ’t Hooft
anomaly:
δαW =
iAqqq
96π2
∫
d4xαǫµνρσfµνfρσ . (3.130)
Its supersymmetric completion takes the form [65]:
δΩW = −iAqqq
48π2
∫
d4x
[∫
d2θΩWαWα −
∫
d2θ˜ Ω˜W˜α˙W˜ α˙
]
, (3.131)
possibly up to the δΩ-variation of a local term. Here, we defined the standard field-
strength chiral and anti-chiral multiplets: 34
Wα = −1
4
D˜D˜DαV , W˜α˙ = −1
4
DDD˜α˙V . (3.132)
Expanding in components, (3.131) gives:
δΩW =
iAqqq
48π2
∫
d4x
{
α
(
1
2
ǫµνρσfµνfρσ + 2i∂µ
(
λσµλ˜
))
+ iγ
(
fµνf
µν − 2D2 + 2iλσµ∂µλ˜+ 2iλ˜σ˜µ∂µλ
)
+ FΩλλ− F˜Ωλ˜λ˜
+
√
2
(
ψΩσµνλ− ψ˜Ωσ˜µν λ˜
)
fµν − i
√
2
(
ψΩλ+ ψ˜Ωλ˜
)
D
}
.
(3.133)
33In flat space, ζ and ζ˜ are arbitrary constant spinors. They become our non-trivial Killing
spinors ζ and ζ˜ on M4 once we generalize this discussion to curved space.
34With the usual definitions: Dα = ∂α + i(σ
µθ˜)α∂µ and D˜α˙ = −∂˜α˙ − i(θσµ)α˙∂µ.
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Specializing to the WZ gauge, we see that (3.133) reproduces (3.130) up to the
variation of a local term—namely, the cubic ’t Hooft anomaly δαW in (3.130) is
given by:
δαW = δΩW
∣∣∣
WZ
+ δαWloc , (3.134)
with the simple local term:
Wloc ≡ −Aqqq
24π2
∫
d4x aµλσ
µλ˜ . (3.135)
The gauge variation of (3.135) in (3.134) cancels the second term on the first line of
(3.133).
Anomalous supersymmetry variation in WZ gauge. Before fixing the Wess-
Zumino gauge, the “bare” supersymmetry transformations are non-anomalous [66]:
δ
(0)
ζ W = 0 , δ
(0)
ζ˜
W = 0 . (3.136)
This is the statement that, the one hand, there is no genuine supersymmetry anomaly;
and, on the other hand, the ’t Hooft anomaly (3.131) does not contribute any quan-
tum correction to (3.136). The latter statement directly follows from the WZ con-
sistency condition:
[δ
(0)
ζ , δΩ]W = 0 , (3.137)
and the fact that (3.131) is supersymmetric, δ
(0)
ζ δΩW = 0. The WZ gauge fixing
modifies the supersymmetry algebra, introducing an explicit dependence on the gauge
fields due to (3.128)-(3.129). The compensating gauge transformation also introduces
non-vanishing WZ-gauge supersymmetry variations, since:
δζW =
(
δ
(0)
ζ + δΩ(ζ)
)
W = δΩ(ζ)W ,
δζ˜W =
(
δ
(0)
ζ˜
+ δΩ(ζ˜)
)
W = δΩ(ζ˜)W ,
(3.138)
and δΩW 6= 0 due to the U(1) ’t Hooft anomalies. This gives an alternative way to
compute the anomalous variations δζW in WZ gauge. To compare to the results from
the previous subsections, we should take into account the fact that we are working in
a scheme in which the cubic anomaly is given by (3.130) exactly. This corresponds
to (3.134), including the contribution from the local term (3.135). We thus have:
δζW = δΩ(ζ)W + δζWloc ,
δζ˜W = δΩ(ζ˜)W + δζ˜Wloc .
(3.139)
Here, the gauge variation (3.133) is specialized to Ω = Ω(ζ) or Ω = Ω(ζ˜), and the
second term is the (WZ-gauge) supersymmetry variation of (3.135). One finds:
δΩ(ζ)W =
Aqqq
24π2
∫
d4x
(
ζσµσ˜νρλ˜aµfνρ + iζσ
µλ˜aµD + iζλλ˜λ˜
)
,
δΩ(ζ˜)W =
Aqqq
24π2
∫
d4x
(
−ζ˜ σ˜µσνρλaµfνρ + iζ˜ σ˜µλaµD − iζ˜ λ˜λλ
)
,
(3.140)
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and:
δζWloc =
Aqqq
24π2
∫
d4x
(
ζσνρσµλ˜aµfνρ − iζσµλ˜aµD + 2iζλλ˜λ˜
)
,
δζ˜Wloc =
Aqqq
24π2
∫
d4x
(
−ζ˜ σ˜νρσ˜µλaµfνρ − iζ˜ σ˜µλaµD − 2iζ˜ λ˜λλ
)
.
(3.141)
It follows that (3.139) exactly reproduces the result (3.55), which was obtained by
solving the WZ consistency conditions for supersymmetry and gauge transformations
directly in WZ gauge.
Note also that, even if we worked in WZ gauge in the scheme defined by (3.133)
with Ω = Ω˜ = α, in which case the anomalous supersymmetry variation takes
the more cumbersome form (3.140), we would still obtain the same results for su-
persymmetric partition functions, because the local term (3.135) vanishes on the
supersymmetric locus for the background vector multiplet.
One can similarly discuss the mixed U(1)-gravitational anomaly in this language,
generalized to supergravity. The supersymmetrization of the anomaly is similar to
(3.131), with Wα replaced by a chiral multiplet, Tµνα, that contains the Riemann
tensor in its θ-component [60]. The bottom and θθ components of Tµνα vanish once
we set the gravitino to zero and therefore, using (3.138), we find that the mixed
U(1)-gravitational anomaly does not contribute to δζW on a rigid-supersymmetric
background.
4. 4d N = 1 supersymmetric partition functions, revisited
In this section, as an application of the above formalism, we study how the super-
symmetric Ward identities constrain supersymmetric partition functions on some
specific half-BPS backgrounds. This leads us to discuss the explicit form of the par-
tition functions Z(ν, τ) on M3 × S1, which differ from the well-known holomorphic
results, I(ν, τ), in the Casimir-like prefactor.
4.1 The Mg,p × S1 background
We will focus on the special case ofM4 a principal elliptic fiber bundle over a closed
genus-g Riemann surface:
T 2 −→M4 π−→ Σg . (4.1)
In that case, the four-manifold necessarily takes the form:
M4 ∼=Mg,p × S1 , S1 p−→Mg,p π−→ Σg , (4.2)
where the three-manifold Mg,p is a degree-p principal circle bundle over Σg. As a
special case, this includes S3 × S1 (for p = 1, g = 0) and Σg × T 2 (for p = 0). The
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corresponding supersymmetric backgrounds were studied e.g. in [25, 26, 27, 10, 11,
5].35 The metric on Mg,p × S1 is chosen to be:
ds2(Mg,p × S1) = β21
(
dψ + τ1dt+ C(z, z¯)
)2
+ β22dt
2 + 2gzz¯ dzdz¯ , (4.3)
with the angular coordinates t ∈ [0, 2π) and ψ ∈ [0, 2π), with t the coordinate along
the circle direction. In (4.3), gzz¯ is the Hermitian metric on Σg, which we normalize
such that vol(Σg) = π; the one-form C is the connection of a principal circle bundle
over Σ, with first Chern class p, which satisfies:
∂zCz¯ − ∂z¯Cz = p 2igzz¯ , C = π∗(CΣ) , 1
2π
∫
Σg
dCΣ = p ∈ Z , (4.4)
with CΣ a two-dimensional gauge field on Σg which pulls back to C. The complex
coordinates w along the T 2 fiber is given explicitly by:
w = ψ + τt + f(z, z¯) , Cz = ∂z f¯ , Cz¯ = ∂z¯f . (4.5)
where the complex function f(z, z¯) is related to the one-form C as shown, and we
introduced the complex parameter:
τ = τ1 + iτ2 , τ2 ≡ β2
β1
. (4.6)
This τ is a complex structure modulus of the Hermitian manifoldM4 ∼=Mg,p×S1—
of course, it is also the complex structure of the T 2 fiber itself; note that it is kept
constant over the base, Σg. The Killing vector K
µ is given by:
K = 2β−11 ∂w¯ = −iβ−12
(
τ∂ψ − ∂t
)
. (4.7)
The metric (4.3) is equivalent to the canonical expression (3.15)-(3.18), with:
e1 ≡ e(1) + ie(2) , e(1) = β1
(
dψ + τ1dt+ C(z, z¯)
)
, e(2) = β2dt . (4.8)
and e2 ≡ e(3) + ie(4) as given in (3.18). The other new-minimal supergravity back-
ground fields, Vµ and A
(R)
µ , can be computed from the general formula (3.8) with
(3.17). This gives:
VµdX
µ = pβ1e
(1) + κKµdX
µ , A(R)µ dX
µ = −pβ1e(1) + ipβ1
2
e(2) + AcµdX
µ , (4.9)
with Acµ defined in (3.9). The gauge field A
c
µ is the pull-back of a non-trivial two-
dimensional R-symmetry gauge field with 1− g units of flux on Σg:
Ac = π∗(AΣ) ,
1
2π
∫
Σg
dAΣ = 1− g . (4.10)
35We closely follow the discussion in [5], with only slightly different conventions; in particular,
the sign of the complex structure here differs to the one in [5] by a sign.
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The free parameter κ in (4.9) can be fixed by requiring the existence of a consistent
dimensional reduction of this 4d N = 1 supergravity background to a corresponding
three-dimensional N = 2 supergravity background on Mg,p [42]. This imposes:
κ = pβ1
τ¯
τ
. (4.11)
This is an important point for the computations that follow, since only with this
particular choice, (4.11), do we have a consistent reduction of the 4d N = 1 half-
BPS background to a 3d N = 2 half-BPS background on the three-manifold Mg,p.
Kaluza-Klein form of the metric. In order to discuss the 3d reduction, it is
useful to work with a slightly different frame, obtained from (4.8) by an SO(2)
rotation: (
η
eˆ0
)
≡ 1|τ |
(
τ2 −τ1
τ1 τ2
)(
e(1)
e(2)
)
. (4.12)
Let us define the radii:
βS1 ≡ β1|τ | , β3d ≡ β2|τ | . (4.13)
In term of these, (4.12) gives us the one-forms:
η = β3d(dψ + C) , eˆ0 = βS1dt+ cµdxµ , (4.14)
with cµ, the so-called graviphoton, given by:
cµ =
τ1
τ2
ηµ . (4.15)
This brings the metric into the Kaluza-Klein (KK) form:
ds2(Mg,p × S1) = (βS1dt+ cµdxµ)2 + ds2(Mg,p) . (4.16)
Note that, in our conventions, we have the volumes:
vol(Mg,p) = 2π2β3d , vol(Mg,p × S1) = 4π3βS1β3d = 4π3β1β2 . (4.17)
Supersymmetric background on Mg,p. In the following, we will also need the
explicit form of the corresponding 3d N = 2 supersymmetric background on Mg,p,
as discussed in general terms in section 3.6.1. The three-dimensional metric onMg,p
takes the simple form:
ds2(Mg,p) = η2 + ds2(Σg) , (4.18)
in the coordinates (ψ, z, z¯) adapted to the THF. Here, η is defined as in (4.14), and
ds2(Σg) = 2gzz¯ dzdz¯ is the metric on Σg. This manifold is also a Seifert manifold,
36
36See [58] for a systematic study of 3d N = 2 supersymmetric backgrounds on Seifert manifolds.
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with ψ the coordinate on the Seifert fiber of constant radius β3d. The other three-
dimensional supergravity fields are given by:
H = −ipβ3d+2pβ3d τ1
τ2
, Vµ = −2ipβ3d τ1
τ2
ηµ , A
(R)
µ = −pβ3dηµ+Acµ , (4.19)
with Acµ defined as in (4.10). The three-dimensional background field Vµ is the dual
field strength of a real graviphoton cµ, with:
37
Vµ = −iǫµνρ∂νcρ , cµ = τ1
τ2
ηµ . (4.20)
This is as expected for a 3d background obtained by dimensional reduction from 4d,
with the KK metric (4.16). Requiring the existence of this supersymmetric reduction
to 3d uniquely fixes the parameter κ in the 4d background to (4.11).
4.2 Supersymmetric Ward identity on Mg,p × S1
Let us evaluate δζW on the Mg,p × S1 supergravity background (focussing on the
cubic ’t Hooft anomaly). We may write the anomaly in terms of the gaugino one-
forms defined in (3.58). In the complex frame basis, they are given by:
Λ˜ = Λ˜1e
1 + Λ˜2e
2 , Λ = Λ1e
1 + Λ2¯e
2¯ . (4.21)
We will choose Λ˜1, Λ˜2 constant, for our purposes. Then, the cubic-anomaly contri-
bution (3.55) takes the simple form:
δζW
∣∣
q3
= −Aqqq
12π2
∫
Λ˜ ∧ a ∧ da . (4.22)
at first order in the gaugino.38 The 4d background U(1) gauge field takes the form:
a = aˆ1e
1 + aˆ1¯e
1¯ + a(m) , aˆ1 =
aˆw
β1
, aˆ1¯ =
aˆw¯
β1
, (4.23)
in terms of the complex frame, with aˆw¯ = (aˆw)
∗ ∈ C an arbitrary complex parameter.
The term a(m) in (4.23) denotes a topologically non-trivial gauge field with fluxm ∈ Z.
If p = 0, we have M4 ∼= Σg × T 2 and −m units of flux through the Riemann surface
Σg:
39
1
2π
∫
Σg
da(m) = −m , if p = 0 , (4.24)
37We have the useful relation: ǫµνρ∂νηρ = 2pβ3dη
µ in this geometry.
38The higher-order terms in λ can be ignored for our purpose, since they do not affect the
anomalous Ward identities (3.74).
39The choice of −m instead of +m here is to conform to the definition of the “flux operator” in
[5], where the orientation convention for Σ was the opposite as it is here.
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If p 6= 0, on the other hand, the flux m is a torsion flux, m ∈ Zp, and a(m) is a flat
connection with non-trivial holonomy along the Seifert fiber of the three-manifold
Mg,p:
ei
∫
γ
a(m) = e2πi
m
p , if p 6= 0 . (4.25)
While the two cases, p = 0 or p 6= 0, must be treated separately, the final result is
valid for every Mg,p × S1 background. The gauge field component aw¯ are related to
the above parameters as:
aw¯ =
{
aˆw¯ if p = 0
aˆw¯ − iτ2τ2 mp . if p 6= 0
, (4.26)
and similarly for the complex conjugate aw. The flavor parameters ν, ν¯ are then
defined as:
ν = 2iτ2 aw¯ ≡ τaψ − at , ν¯ = −2iτ2 aw = τ¯ aψ − at . (4.27)
Here, for future reference, we also gave these expressions in terms of the real gauge-
field components aψ and at.
The case p 6= 0, m = 0. Consider first the case without flux. When m = 0, the
gauge-field (4.23) is a well-defined one-form, and the integral (4.22) can be evaluated
straightforwardly. One finds:
δζW
∣∣
q3,m=0
= −πipAqqq
3τ2
Λ˜wν(ν − ν¯) . (4.28)
The general case. In the general case with m 6= 0, the integral (4.22) is not
well-defined, strictly speaking. Nonetheless, we claim that the general result should
be:
δζW
∣∣
q3
= −πAqqqΛ˜w
(
ip
3τ2
ν(ν − ν¯) +mν
)
. (4.29)
The term linear in m can be deduced by requiring consistency with explicit results
for one-loop determinants and with the 3d reduction, as we will discuss below. A
completely rigorous derivation of (4.29) would require an a-priori definition of (4.22)
for topologically non-trivial gauge fields, possibly akin to the definition of the 3d
Chern-Simons functional in terms of a bounding four-manifold. We leave this as an
interesting question for future work.
4.2.1 The holomorphy anomaly on ZMg,p×S1
Given the above discussion, the holomorphy anomaly of the supersymmetric partition
function (in the flavor sector) follows from (3.74). We have:
∂W
∂ν¯
=
1
2τ2
∂
∂Λ˜w
δζW . (4.30)
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We also see that, since the supersymmetry variation (4.29) is independent of Λ˜z (and,
similarly, δζ˜W is independent of Λz¯), there is no dependence of the partition function
on background flat connections on the Riemann surface base, Σg.
The supersymmetry variation (4.29) contributes the following holomorphy anomaly
in the flavor parameters:
∂W
∂ν¯
∣∣∣
q3
= −πAqqq
(
ip
6τ 22
ν(ν − ν¯) + m
2τ2
ν
)
. (4.31)
The generalization to any abelian symmetry is straightforward.
4.2.2 The small-βS1 limit and the 3d functional W3d.
Let us now computeW3d, as defined in section 3.6.2. It is obtained in the limit τ → 0
with ν/τ kept finite. We again focus on the cubic ’t Hooft anomaly contribution.
We should then evaluate the local action:
W3d|q3 = AqqqβS
1
12π
∫
d3x
√
g
(
− iσǫµνρAµFνρ + 3σ2D + σ2AµVµ + σ3H
)
, (4.32)
on the 3d N = 2 supergravity background (4.18)-(4.19). We also consider the
background vector multiplet on its supersymmetric locus, (3.92). Then, the three-
dimensional gauge field takes the form:
Aµ = aˆ0ηµ +A
(m) , (4.33)
with aˆ0 ∈ R a constant, and with the non-trivial gauge field A(m) defined exactly as
a(m) in (4.24) or (4.25). Let us also introduce the real parameter:
a0 ≡ Aµηµ =
{
aˆ0 if p = 0
aˆ0 +
1
β3d
m
p
if p 6= 0
. (4.34)
The three-dimensional flavor parameters σ and a0 are related to the 4d flavor pa-
rameters (4.27) by:
ν
τ
= β3d(a0 + iσ) ,
ν¯
τ¯
= β3d(a0 − iσ) . (4.35)
Equivalently, we have:
β3dσ =
τ2at
|τ |2 , β3da0 = aψ −
τ1at
|τ |2 , (4.36)
in terms of the 4d gauge-field components at and aψ. Similarly to the 4d expression
(4.22) for δζW , the action (4.32) is only well-defined for m = 0. We claim that the
complete expression for (4.32) on this supersymmetric background is:
W3d|q3 = πAqqqβS1β3d
{
pβ3d
(
−2i
3
σa20 +
(
1− i τ1
3τ2
)
σ2a0 +
τ1 + iτ2
3τ2
σ3
)
+m
(
iσa0 − σ2
)}
.
(4.37)
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For m = 0, this is obtained by a straightforward computation using the supergravity
and flavor background fields. In the general case with m 6= 0, this is essentially
a conjecture—assuming there exists a first-principle definition of the 3d action for
non-trivial gauge fields. Using the relation (4.35), one can write (4.37) as:
W3d|q3 = iπpAqqq
τ 22
(
νν¯2
12
− ν
2ν¯
6
+
τ¯(2τ − τ¯)ν3
12τ 2
)
− πmAqqq
2τ2
(
νν¯ − τ¯ ν
2
τ
)
. (4.38)
In particular, we see that W3d reproduces the holomorphy anomaly (4.31)—as it
should, by construction. It will also be useful to give (4.38) in terms of the real
parameters aψ and at; we have:
W3d(aψ, at, τ)
∣∣
q3
=
iπAqqq
3τ 2
at(τaψ − at)
(
p(at − 2τaψ) + 3mτ
)
. (4.39)
Incidentally, W3d|q3 is holomorphic in τ when viewed as a function of (aψ, at) and τ .
Finally, for future reference, let us also give the explicit expression for the real part:
Re
[
W3d
∣∣
q3
]
=
πAqqq
|τ |2
(
τ2(paψ −m)a2t −
2pτ1τ2
3|τ |2 a
3
t
)
. (4.40)
4.3 The holomorphic supersymmetric partition function
In the rest of this section, we would like to discuss the “gauge invariant” super-
symmetric partition functions ZMg,p×S1, in light of our general results for the super-
symmetric Ward identities in WZ gauge. Before proceeding, let us first review the
standard expressions for the holomorphic partition functions.
4.3.1 The S3 × S1 partition function
The most studied 4dN = 1 supersymmetric partition function is certainly the S3×S1
partition function, which computes the 4d N = 1 supersymmetric index:
IS3×S1(p,q, y) = TrS3
(
(−1)FpJ3+J ′3+ 12RqJ3−J ′3+ 12R
∏
α
y
QαF
α
)
. (4.41)
The parameters p and q are complex structure parameters on S3×S1 seen as a Hopf
surface [6], and yα = e
2πiνα are the flavor parameters. In this work, we will only
discuss the special case:
p = q = q = e2πiτ , (4.42)
which corresponds to (g, p) = (0, 1) for theMg,p× S1 background defined above [5].
The S3 index is easily computed for a free theory. For a free chiral multiplet, Φ,
of unit charge under a background U(1) and of R-charge r ∈ R, we have:
IΦS3×S1(ν, τ) = FΦ1 (ν + τ(r − 1), τ) , (4.43)
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in terms of the function [5]:
FΦ1 (ν, τ) ≡ e2πiτ
(
ν3
6τ3
− ν
12τ
)
Γ0(ν, τ) . (4.44)
Here, the “restricted elliptic Γ-function,” Γ0, is the p = q limit of the elliptic-Γ
function, defined as:40
Γ0(ν, τ) =
∞∏
k=0
(
1− e2πi(−ν+(k+1)τ)
1− e2πi(ν+(k+1)τ)
)k+1
, (4.45)
for τ on the upper-half plane. The prefactor in (4.43) is the contribution from the
supersymmetric Casimir energy for a free chiral multiplet [10, 67]. More generally,
there exists an explicit formula for any 4d N = 1 gauge theory, with gauge group G
and chiral multiplets Φi in representations R of the gauge algebra g. It is given by
[10, 30]:
IS3×S1(ν, τ) = e2πiτE(ν,τ) IS3(ν, τ) . (4.46)
Here, IS3 denotes the “ordinary” 4d N = 1 index; for SCFTs, it starts at 1 when
expanded in powers of q [3, 4, 68, 69]:
IS3 ≡ (q; q)
2rk(G)
∞
|WG|
∮
∏
a Txa
rk(G)∏
a=1
dxa
2πixa
∏
i
∏
ρi
Γ0
(
ρi(u) + νi + τ(ri − 1), τ
)∏
α∈g Γ0
(
α(u)− τ, τ) , (4.47)
with xa ≡ e2πiua . The supersymmetric Casimir energy contribution in (4.46) is given
entirely in terms of the ’t Hooft anomalies [30, 31, 70]:
E(ν, τ) = 1
6τ 3
Aαβγνανβνγ − 1
12τ
Aανα + · · · , (4.48)
where the ellipsis denotes contributions from the ’t Hooft anomaly coefficients in-
volving the R-symmetry.
Behavior under large gauge transformations. On S3×S1, one has the equiva-
lence ν ∼ ν+1 for the flavor parameter, corresponding to the large gauge transforma-
tion at ∼ at−1 along the S1. While the “pure index” (4.47) is clearly gauge invariant,
the holomorphic partition function (4.46) is not. Due to the supersymmetric Casimir
energy contribution, we have:41
IS3×S1(ν + n, τ) = e−πiAαq nβ e
pii
τ2
Aαβγqqq (nαuβuγ+nαnβuγ+ 13nαnβnγ) IS3×S1(ν, τ) , (4.49)
under the transformation να → να+nα for the flavor parameters. Similarly to the case
of the elliptic genus discussed in section 2, the puzzling aspect of the transformation
(4.49) is that the absolute value of IS3×S1 is not gauge-invariant. As we discussed, it
cannot possibly be gauge invariant whenever the partition function is holomorphic.
40The definition of Γ0 corresponds to the limit q = p of the elliptic Γ-function with a shifted
argument ν + τ . See Appendix B.
41Here we ignored the effect of the mixed flavor-U(1)R anomalies, for simplicity.
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The three-dimensional limit. Consider the small-βS1 limit of the holomorphic
partition function, namely:
τ → 0 , ν → 0 , ν
τ
= finite. (4.50)
In this limit, we claim that:
− log IS3×S1(ν, τ) ∼
βS1→ 0
1
βS1
W
(−1)
3d +W
(0)
3d +O
(
e
− 1
β
S1
)
. (4.51)
Here, W
(−1)
3d is given by the Cardy-like formula discussed in [33, 62], and W
(0)
3d is
essentially the partition function of the dimensionally-reduced theory. The important
point, for our purpose, is that there is no order-βS1 term in the expansion (4.51).
This is analogous to the expansion (2.63) for the 2d elliptic genus.
Note that the supersymmetric Casimir energy in (4.48) precisely survives in the
limit (4.50). Therefore, the property (4.51) is equivalent to the statement that the
order-βS1 term in the expansion of the ordinary index is governed by the supersym-
metric Casimir energy:
− log IS3(ν, τ) ∼
βS1→ 0
1
βS1
W
(−1)
3d +W
(0)
3d + 2πiτE(ν, τ) +O
(
e
− 1
β
S1
)
. (4.52)
For general gauge theories, using the explicit localisation formula (4.47), this expan-
sion follows from the estimate:
− log Γ0(τ ν˜, τ) ∼
τ→ 0
2πi
τ
ν˜
12
+w(0)(ν˜) + 2πiτ
(
ν˜3
6
− ν˜
12
)
+O(e− 1βS1 ) , (4.53)
for the restricted elliptic Γ-function (4.45), with ν˜ held fixed (and modulo 2πi, cor-
responding to a choice of branch cut for the log). Here, the finite term is given
by:
w(0)(ν˜) = − log
(
e−
pii
2
ν˜2+pii
12 fΦ(ν˜)
)
,
fΦ(ν˜) ≡ exp
(
1
2πi
Li2
(
e2πiν˜
)
+ ν˜ log
(
1− e2πiν˜)) . (4.54)
corresponding to a free chiral multiplet on the round S3 [71], with ν˜ ≡ ν/τ the 3d
flavor parameter (4.35). The expansion (4.53) was proven in [43].
4.3.2 The Mg,p × S1 partition function
The Mg,p × S1 holomorphic partition functions were computed in [5]. They can be
written as generalized indices:
IMg,p×S1(τ, ν)m = TrMg,p
(
(−1)F q2J+R
∏
α
y
Qα
F
α
)
, (4.55)
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with q = e2πiτ and y = e2πiν as above. For p = 0, we have the topologically-twisted
index on Σg × S1 [72, 29, 73]; for p = 1, g = 0, we recover the S3 index discussed
above. The parameter m in (4.55) denotes a background flux for the flavor symmetry
on Mg,p, as discussed in subsection 4.2 above.
For our purpose, we only need to know that theMg,p×S1 holomorphic partition
function for a 4d N = 1 gauge theory may be written as:
IMg,p×S1(τ, ν)m =
∑
uˆ∈SBE
F1(uˆ, ν, τ)pH(uˆ, ν, τ)g−1
∏
α
Πα(uˆ, ν, τ)
mα , (4.56)
where the sum is over the solutions to the “4d Bethe equations,” with uˆ a gauge
parameter evaluated onto the so-called Bethe vacua [72]. The objects F1, H and
Πα are called the fibering operator, the handle-gluing operator, and the flavor flux
operators, respectively.
For a free chiral multiplet, the (holomorphic) fibering operator is given by (4.44).
The flavor flux operator, on the other hand, takes the form:
ΠΦ(ν, τ) =
e−
piiν2
τ
θ(ν, τ)
, (4.57)
with θ(ν, τ) defined in Appendix B. The handle-gluing operator of a free chiral
multiplet of R-charge r (with r ∈ Z, on a generic Mg,p × S1) takes the form HΦ =
(ΠΦ)r−1 [5].
Large gauge transformations. OnMg,p×S1, there are two types of large gauge
transformations for the gauge parameters. In addition to ν ∼ ν + 1, corresponding
to the large gauge transformation at ∼ at−1 along the circle, we also have ν ∼ ν+ τ
together with m ∼ m+ p, a large gauge transformation along the S1 fiber of Mg,p.
Consider a 4d N = 1 gauge theory whose partition function is computed as
in (4.55). For generic values of g, p, the R-charges of the matter fields should be
integer-quantized on Mg,p × S1. Then, the entire R-charge dependence of IMg,p is
through the handle-gluing operator, H, which drops out for g = 1. Here we focus on
the contributions from the fibering and flux operator—schematically:
I(ν, τ)m = F1(ν, τ)pΠ(ν, τ)m . (4.58)
Under the large gauge transformation:
(να,mα) ∼ (να + nα +mατ,mα +mαp) , nα, mα ∈ Z , (4.59)
for the flavor parameters, the fibering and the flux operator transform as:
F1(ν + n+mτ, τ) = eϕ
F1
n,m Π(ν, τ)−mF1(ν, τ) ,
Πα(ν + n+mτ, τ) = e
ϕΠαn,m Πα(ν, τ) ,
(4.60)
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with the prefactors:42
eϕ
F1
n,m ≡ e−pii2 Aαβqq mαmβe−pii6 Aαq (nα+3mα)eπiAαβγqqq (nαmβmγ+
nαmβ
τ
(nγ+2νγ)+
nα
3τ2
(nβnγ+3nβνγ+3νβνγ)) ,
eϕ
Πα
n,m ≡ (−1)Aαβqq (nβ+mβ) e−piiτ Aαβγqqq (nβnγ+2mβνγ) .
Then, the holomorphic partition function (4.58) transforms as:
I(ν+n+mτ, τ)m+mp = eϕIn,m I(ν, τ)m , eϕIn,m ≡ epϕ
F1
n,m
∏
α
e(mα+mαp)ϕ
Πα
n,m . (4.61)
One can easily generalize this expression to include the effect of the handle-gluing
operators [5].
The three-dimensional limit. As in the special case of the S3 index, we again
claim that there is no order-βS1 term to the supersymmetric index (4.55). More
precisely, one can again write the index as a “pure index” contribution times the
supersymmetric Casimir energy contribution:
IMg,p×S1(ν, τ)m = e2πiτEMg,p (ν,τ)m IMg,p(ν, τ)m . (4.62)
Explicit expressions for the Casimir energy were given in [5]. Then, we claim that the
analogue of (4.52) holds for any Mg,p. In gauge-theories, this can be shown easily
for the handle-gluing operator and for the flux operators, which are given in terms
of θ-functions. For the fibering operator, that small-βS1 property again follows from
the estimate (4.53).
4.4 The “gauge-invariant” supersymmetric partition function
As we have reviewed, there are various exact results for 4d N = 1 supersymmetric
indices in the literature, and those formulae are locally holomorphic in all the pa-
rameters. While this holomorphy agrees with the known classical supersymmetric
Ward identities on curved space [6], it clashes with simpler requirements that stem
from gauge invariance for real background gauge fields coupling to the flavor sym-
metry. For instance, there should exists a scheme in which the absolute value of the
supersymmetric partition function is gauge invariant.
The presence of a non-zero contribution from the flavor ’t Hooft anomaly to
the supersymmetric Ward identity, in the “gauge invariant scheme,” resolves this
apparent puzzle—it is then possible to have a supersymmetric partition function
which respects all the quantum Ward identities at the same time. The only price to
pay is that the partition function is not fully holomorphic in the flavor parameters.
Given this understanding, it is now straightforward to revisit previous localisa-
tion computations to derive the “gauge invariant” partition functions. As explained
42Here, Aαβqq denotes some quadratic “pseudo-anomalies” in 4d, similar to the ones discussed in
footnote 12. We leave a proper understanding of those terms for future work.
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before, the localisation argument still goes through. The only modification comes
from a more careful computation of the various one-loop determinants on the super-
symmetric locus. Since the new non-holomorphic terms depend on ’t Hooft anoma-
lies, they factor out of various “localization integrals” in gauge theories, and only
contribute to a Casimir-like overall pre-factor.
One-loop determinant and holomorphy. Let us focus on the contribution from
a free chiral multiplet, Φ. This is a free theory, whose path integral can be computed
on any Mg,p × S1. In fact, we can factorize this one-loop determinant in terms of
the fibering and flux operators [5]:43
ZΦMg,p×S1(ν, τ) = FˆΦ1 (ν, τ)p ΠˆΦ(ν, τ)m . (4.63)
Here, the hatted symbols denote the “gauge invariant” objects, by opposition to the
holomorphic fibering and flux operators discussed above. In particular, the S3 × S1
partition function is given by:
ZΦS3×S1(ν, τ) = FˆΦ1 (ν, τ) . (4.64)
As always with perturbative anomalies, the difficulty lies in treating the chiral
fermion, ψα, whose one-loop determinant is not well-defined. On the other hand, we
can consider a theory consisting of the chiral multiplet Φ together with a “shadow
chiral multiplet” Φ¯ of opposite chirality and gauge charge, whose kinetic operator is
the Hermitian conjugate to the one of Φ.44 Then, the partition function of the pair
Φ and Φ¯ unambiguously defines the absolute value of ZΦ.
In Appendix C.2, we give an derivation of this absolute value by an explicit heat-
kernel computation, generalizing the discussion of the Quillen anomaly in section 2.1.
One finds: ∣∣FˆΦ1 (ν, τ)∣∣ = e−piτ23 (a3ψ− 12aψ) ∣∣Γ0(ν, τ)∣∣ , (4.65)
for the fibering operator, and:∣∣ΠˆΦ(ν, τ)∣∣ = eπτ2(a2ψ−aψ+ 16) 1|θ0(ν, τ)| (4.66)
for the flavor flux operator, with ν = τaψ−at. Moreover, from our general discussion
in subsection 4.2.2, we know the explicit form of the chiral-multiplet supersymmetric
effective action at order βS1 in the small-circle limit; it is given by (4.39) with Aqqq =
1, namely:
W
Φ
3d(aψ, at, τ) =
iπ
3τ 2
at(τaψ − at)
(
p(at − 2τaψ) + 3mτ
)
. (4.67)
43Here, without loss of generality, we pick the R-charge r = 1.
44This is not a supersymmetric setup, but this is not an issue. We can think of the shadow chiral
as coupling to the “complex conjugate” background geometry, so that its partition function is the
complex conjugate of the one for Φ.
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We then propose that the supersymmetric partition function of the free chiral mul-
tiplet is given by:
ZΦMg,p×S1(aψ, at, τ)m = e
−WΦ3d(aψ ,at,τ) IΦMg,p×S1(ν, τ)m , (4.68)
with IΦMg,p×S1 the holomorphic partition function, including the supersymmetric
Casimir energy contributions:
IΦMg,p×S1(ν, τ)m = F1(ν, τ)pΠ(ν, τ)m . (4.69)
One can check that (4.68) reproduces (4.65)-(4.66)—that is, minus the real part of
W3d, as given in (4.40), plus the real part of 2πiEMg,p (the supersymmetric Casimir
energy) exactly reproduces the factors in the exponents in (4.65)-(4.66). In particu-
lar, the absolute value of (4.68), |ZΦMg,p×S1 |, is fully gauge invariant.
The “gauge-invariant” supersymmetric partition function. Building the
partition function of any “Lagrangian” gauge theory from the chiral and vector mul-
tiplet building blocks, in the usual manner, one then obtains a simple proposal for
the complete answer for the supersymmetric partition function in the gauge- and
diff-invariant scheme.
We may state this proposal as a conjecture for any supersymmetric partition
function on a product four-manifoldM3×S1, with geometric parameters τ and fla-
vor parameters ν. Let IM3×S1 denote the holomorphic partition function (or “holo-
morphicM3 index”), defined such that there is no order-βS1 contribution to IM3×S1
in the 3d limi—as in (4.51) for M3 = S3.
Conjecture: The “gauge-invariant” supersymmetric partition function ZM3×S1 is
related to the “holomorphic partition function,” IM3×S1, by the 3d local functional
W3d, evaluated on the supersymmetric background and viewed as a function of the
4d parameters, according to:
ZM3×S1(aψ, at, τ, τ¯) = e
−W3d(aψ ,at,τ,τ¯) IM3×S1(ν, τ) . (4.70)
By construction, this supersymmetric partition function is properly gauge-invariant
and supersymmetric, in the sense that it is compatible with all the anomalous Ward
identities.
In this work, we focussed on the dependence of the partition function on the flavor
parameters. The form (4.70) of the supersymmetric partition function should also
account for more subtle anomalous Ward identities in the “geometric sector,” which
should also contribute to W3d, and whose detailed study we leave for future work.
– 61 –
Behavior of ZMg,p×S1 under large gauge transformations. Finally, we can
discuss the behavior of the partition function under large gauge transformations.
We again focus on the contributions from the fibering and flux operators in the
Mg,p × S1 background. Then, under a large gauge transformations across the S1:
at,α ∼ at,α + nα , (4.71)
we have:
ZMg,p×S1(aψ, at − n, τ, τ¯)m = eπiA
αβ
qq mαnβ e−
pii
6
pAαnα
× eπiAαβγ( p3aψ,αaψ,βnγ−mαaψ,βnγ) ZMg,p×S1(aψ, at, τ, τ¯)m .
(4.72)
We can also consider the large gauge transformation along the Mg,p Seifert fiber:
aψ,α ∼ aψ,α +mα , mα ∼ mα +mαp , (4.73)
which gives:
ZMg,p×S1(aψ +m, at, τ, τ¯)m+mp = e
πiAαβqq (mαmβ+ p2mαmβ) e−
pii
2
pAαqmα
× eπiAαβγqqq (p3(at,αaψ,βmγ−at,αmβmγ)−mαat,βmγ) ZMg,p×S1(aψ, at, τ, τ¯)m .
(4.74)
For p = 0, we find the behavior of the supersymmetric Σg × T 2 partition function
under large gauge transformations, which nicely agrees with the general expectations
discussed in Appendix D.2.
In the case p = 1, m = 0, we also find a very simple behavior for the S3 ×
S1 supersymmetric partition function under large gauge transformations across the
circle, namely:
ZS3×S1(ν + n, τ) = e
−pii
6
Aαnαe
piip
3
Aαβγaψ,αaψ,βnγ ZS3×S1(ν, τ) , (4.75)
for any n ∈ Z. This is the result up to terms that depend on the R-charge; the full
result can be obtained from (4.75) by simply allowing the flavor indices α, β, · · · in
the exponent to run over the value “R” as well, at least formally. A more complete
account of the R-symmetry dependence of partition functions, which is tied to the
“geometric sector,” will be given elsewhere.
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A. Conventions in various dimensions
In this appendix, we briefly summarize our conventions in various dimensions. In 4d
and 3d, our conventions are the same as in [6].
A.1 Four-dimensional conventions
We denote byXµ the real coordinates, with µ = 1, · · · , 4. We denote the real coframe
one-forms by e(a), with the frame indices a = 1, · · ·4, and:
ds2(M4) =
4∑
a=1
(e(a))2 , e(a)µ e
(b)
ν g
µν = δab . (A.1)
Then, the complex coframe one-forms is given by:
e1 ≡ e(1) + ie(2) , e1¯ ≡ e(1) − ie(2) , e2 ≡ e(3) + ie(4) , e2¯ ≡ e(3) − ie(4) . (A.2)
Four-dimensional spinors are written as Weyl spinors, denoted by ψ = ψα and ψ˜ = ψ˜
α˙
for positive- and negative-chirality spinors, respectively, with the indices in their
natural positions (in the standard Wess-and-Bagger conventions [74]). We use the
Euclidean σµ-matrices (in the real frame basis):
(σa
αβ˙
) = (σ1, σ2, σ3,−i1) , (σ˜a α˙β) = (−σ1,−σ2,−σ3,−i1) , (A.3)
for a = 1, · · · , 4, respectively, with σi the Pauli matrices and 1 the 2 × 2 identity
matrix (and, of course, σµ ≡ eµaσa in terms of the inverse vierbein). We also define
the antisymmetric combinations:
σµν =
1
4
(σµσ˜ν − σν σ˜µ) , σ˜µν = 1
4
(σ˜µσν − σ˜νσµ) , (A.4)
which are proportional to the Lorentz symmetry generators in the Weyl spinor rep-
resentations; they are self-dual and anti-self dual, respectively:
1
2
ǫµνρσσρσ = σ
µν ,
1
2
ǫµνρσσ˜ρσ = −σ˜µν . (A.5)
Note the following useful identities:
σµσ˜ν + σµσ˜ν = −2gµν , σ˜µσν + σ˜µσν = −2gµν ,
σµσ˜νρ + σνρσµ = ǫµνρλσλ , σ˜
µσνρ + σ˜νρσ˜µ = −ǫµνρλσ˜λ .
(A.6)
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Spinor indices of either chirality are raised and lowered with εαβ, εαβ or ε
α˙β˙, εα˙β˙ ,
with ε12 = ε21 = 1. Implicit spinor indices are contracted in the usual conventions,
ηψ ≡ ηαψα and η˜ψ˜ ≡ η˜α˙ψ˜α˙. For any two spinors ηα and η˜α˙ (which are independent
from each other, in Euclidean signature), we have:
ηαηβ = −1
2
εαβηη , η˜α˙η˜β˙ =
1
2
εα˙β˙ η˜η˜ , η˜α˙ηα =
1
2
σ˜µα˙α ησµη˜ . (A.7)
Various other Fierz indentities can be derived straightforwardly. 45
A.2 Three-dimensional conventions and dimensional reduction from 4d
We denote by xµ (µ = 1, 2, 3) the three-dimensional real coordinates. The three-
dimensional real frame is denoted by:46
eˆa = (eˆ1, eˆ2, eˆ3) = (η , e(3) , e(4)) , a = 1, 2, 3 . (A.8)
This is obtained by dimensional reduction from 4d along the “e(2) direction,” in our
conventions. We denote by:
eˆ(0) ≡ e(2) (A.9)
the frame covector in that direction. Note that the 4d and 3d ǫ-tensor are the related
by ǫabc = −ǫ0abc, in the frame basis. (The dimensional reduction is discussed in detail
in [42], which we follow.) In terms of local coordinates, we will have:
xµ = (x1, x2, x3) = (X1, X3, X4) . (A.10)
The three-dimensional spinors are two-component Dirac spinors, denoted by either
ψα or ψ˜α. The reduction of the 4d Weyl spinors give 3d spinors, with the index
position given as:
ψα|3d = ψα , ψ˜α˙|3d = ψ˜α . (A.11)
The three-dimensional γ-matrices are (note the default index positions):
(γa) βα = (σ
3,−σ1,−σ2) . (A.12)
They satisfy γµγν = gµν + iǫµνργρ. The 3d γ
µ-matrices are obtained from the 4d σµ
matrices according to:
σa
αβ˙
= γaαβ , σ
0
αβ˙
= iεαβ , (σ˜
a)β˙α = (γa)βα , (σ˜0)β˙α = iεβα . (A.13)
One has to be careful with the signs when reducing from 4d to 3d, due in particular
to the fact that the 4d “dotted indices” become “undotted” in 4d; for instance:
ζ˜ λ˜|3d = ζ˜α˙λ˜α˙|3d = −ζ˜αλ˜α = −ζ˜ λ˜ . (A.14)
45One can directly adapt various identities from [74] by replacing ηµν and ǫµνρσ there with gµν
and −iǫµνρσ, respectively, to account for the change in space-time signature.
46Note that the we use coordinate and frame indices µ, ν and a, b, · · · , respectively, both for the
four-dimensional and three-dimensional quantities. This should not lead to any confusion.
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A.3 Two-dimensional and one-dimensional conventions
In two dimensions, we denote the real coordinates by Xµ = (x, y) and we pick a
complex coordinate w = x+ τy. The γ-matrices can be chosen as:
(γµ) = (−σ1,−σ2) , γ3 = σ3 =
(
1 0
0 −1
)
. (A.15)
The 2d Dirac spinors decomposes into Weyl spinors of positive and negative chirali-
ties, which we denote by ψ− and ψ+, respectively—namely:
ψα =
(
ψ−
ψ+
)
. (A.16)
They have 2d spin 1
2
and −1
2
, respectively. We then reduce to one dimension along
the coordinate x. The 1d fermions do not carry any space-time index, and are simply
denoted by:
ψ−|1d = ψ , η+|1d = η . (A.17)
B. θ-function and elliptic Γ-function
In this appendix, we collect some useful definitions and properties for some θ- and
Γ-functions used in the main text. We will use the standard notation:
q = e2πiτ , y = e2πiν . (B.1)
The function θ(ν, τ). Let us define the “reduced” theta-function:
θ0(ν, τ) ≡
∞∏
k=0
(1− qky)(1− qk+1y−1) , (B.2)
with ν ∈ C and τ valued on the upper-half-plane. The function (B.2) has simple
zeros at ν = n +mτ , with n,m ∈ Z. Then, the “ordinary” θ-function is defined as:
θ(ν, τ) ≡ epiiτ6 e−πiν
∞∏
k=0
(1− qky)(1− qk+1y−1) . (B.3)
It satisfies:
θ(ν + n+mτ, τ) = (−1)n+me−2πimν−πim2τ θ(ν, τ) , (B.4)
for any n,m ∈ Z, and θ(−ν, τ) = −θ(ν, τ). Under modular transformations, we have:
θ(ν; τ + 1) = e
pii
6 θ(ν; τ) , θ
(ν
τ
;−1
τ
)
= e
2πi
(
ν2
2τ
− 1
4
)
θ(ν, τ) , (B.5)
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for the generator T and S of SL(2,Z), respectively. Let us also define the η-function:
We have:
η(τ) = e
piiτ
12
∞∏
k=1
(1− qk) . (B.6)
It transforms as:
η(τ + 1) = e
pii
12 η(τ) , η
(
− 1
τ
)
=
√−iτη(τ) , (B.7)
under SL(2,Z).
Restricted elliptic gamma function, Γ0(ν, τ). The elliptic gamma function
Γe(ν, τ, σ) can be defined as:
Γe(ν, τ, σ) =
∞∏
j,k=0
1− y−1pj+1qk+1
1− ypjqk , (B.8)
where p = e2πiσ and q = e2πiτ . See e.g. [75] for a discussion of some of its properties.
In this paper, we focus on the following “restricted value” of the elliptic gamma
function, for p = q = q:
Γ0(ν, τ) ≡ Γe(ν + τ, τ, τ) =
∞∏
k=0
(
1− y−1qk+1
1− yqk+1
)k+1
. (B.9)
It satisfies:
Γ0(ν + n+mτ, τ) = (−y)−
m(m+1)
2 q−
1
6
m(m2−1)θ0(ν, τ)
mΓ0(ν, τ) , (B.10)
for any n,m ∈ Z.
C. One-loop determinants and ζ-function regularization
In this Appendix, we compute explicitly the (gauge-invariant) absolute value of one-
loop determinants for chiral fermions and their superpartners. We first review the
computation of the determinant of the Dirac operator Dw¯ on T
2, following the com-
putation of Ray and Singer in [76]. We then generalize that procedure in order
to compute the absolute value of the one-loop determinant of a 4d N = 1 chiral
multiplet Φ on Mg,p × S1.
C.1 Free fermions on T 2
Consider a free chiral fermion λ− (of positive chirality) on T
2, with complex coordi-
nate w = x+ τy, coupled to the background U(1) flat connection parametrised by a
constant:
ν = axτ − ay . (C.1)
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We consider the determinant of the Dirac operator Dw¯, twisted by the background
connection:
Dw¯ = ∂w¯ − iaw¯ = ∂w¯ − ν
2τ2
, (C.2)
with the periodic boundary condition along two circles. We may then define the
absolute value squared of the “determinant” of Dw¯ as:
| det(Dw¯)|2 ≡ det(DwDw¯) . (C.3)
Physically, this corresponds to the partition function for a pair of fermions of op-
posite chiralities, which admits an obviously gauge-invariant regularization. The
determinant of the Hermitian operator DwDw¯ can be written as an infinite product:
det(DwDw¯) =
∏
m,n∈Z
λm,n , λm,n =
1
τ 22
|ν +m− τn|2 . (C.4)
Alternatively, one can consider the untwisted Laplacian ∆ ≡ ∂w∂w¯ with the twisted
boundary condition along the two circles:
ψ(w + 2π) = e−2πiaxψ(w) , ψ(w + 2πτ) = e−2πiayψ(w) . (C.5)
We would like to compute the effective action, defined as
Seff(ν, τ) = −
∑
n,m∈Z
log λn,m =
d
ds
ζ∆(s)
∣∣∣
s=0
, (C.6)
where we introduced the zeta function for the Laplacian:
ζ∆(s) ≡
∑
m,n∈Z
λ−sm,n
=
1
Γ(s)
∫ ∞
0
dt ts−1 tr(e−t∆) .
(C.7)
In order to compute this, let us consider the heat kernel for the Laplacian:
G(w, z, t) = 〈w, w¯| e−t∆ |z, z¯〉 , (C.8)
which satisfies
(∂t −∆w) G(w, z, t) =
{
δ2(w − z) if t = 0
0 if t > 0
. (C.9)
On the complex plane, C, the solution can be written as:
G0(w, z, t) =
1
4πt
e−
|w−z|2
4t . (C.10)
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The heat kernel on T 2 can be easily obtained by implementing the twisted boundary
condition (C.5). One can check that the following solution has the desired periodic-
ities:
G(w, z, t) =
∑
m,n∈Z
1
4πt
e2πi(nax+may) exp
(
− 1
4t
|w − z − 2π(n+mτ)|2
)
. (C.11)
We can now write the trace in (C.7) as:
tr(e−t∆) =
∑
n,m∈Z
πτ2
t
e2πi(nax+may)e−
pi2|n+mτ |2
t . (C.12)
Removing the divergence from the term m = n = 0, we can perform the t integral
when Re(s) < 1, to obtain:
ζ∆(s) =
πτ2Γ(1− s)
Γ(s)
∑
n2+m2>0
e2πi(nax+may)
(
1
π2|mτ + n|2
)1−s
. (C.13)
One can show the summation uniformly converges when Re(s) < 1
2
, once we first
sum over n ∈ Z. Taking the derivative with respect to s, we have:
ζ ′∆(0) =
2τ2
π
∞∑
n=1
cos(2πnax)
n2
+
∑
m6=0
1
|m|e
2πimay
∑
n∈Z
e2πinax
|m|τ2
π|mτ + n|2 . (C.14)
The first term gives:47
2τ2
π
∞∑
n=1
cos(2πnax)
n2
=
τ2
π
(
Li2(e
2πiax) + Li2(e
−2πiax)
)
= 2πτ2
(
a2x − ax +
1
6
)
.
(C.15)
The second term in (C.14) can be computed using the Poisson summation formula:∑
n∈Z
f(ν + n) =
∑
k∈Z
e−2πikν fˆ(k) , fˆ(k) =
∫ ∞
−∞
f(ξ)e2πiξkdξ . (C.16)
for any function f(ν) which is periodic under ν → ν + 1. This gives:∑
m6=0
1
|m|e
2πimay
∑
n∈Z
e2πinax
|m|τ2
π|mτ + n|2
=
∑
m6=0
1
|m|e
2πimay
∑
k∈Z
e−2π(|m|τ2|ax+k|+imτ1(ax+k))
= −
∞∑
k=0
log |1− qke2πi(−ay+τax)|2 −
∞∑
k=0
log |1− qk+1e2πi(ay−τax)|
= − log |θ0(ν, τ)|2 ,
(C.17)
47On the second line here, we chose a particular branch for the dilogarithm, so that the final
expression, in (C.18) below, is invariant under the large gauge transformation.
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with θ0(ν, τ) defined as in (B.2). We then arrive at the expression:
e−Seff (ν,τ) = e−2πτ2(a
2
x−ax+
1
6) |θ0(ν, τ)|2 . (C.18)
As discussed in section 2.1, an holomorphic square root of (C.18) does not exist.
Instead, we find:
det(Dw¯) = e
−2πτ2
(
a2x
2
− ax
2
+ 1
12
)
θ0(ν, τ) , (C.19)
up to a phase factor, which should be compatible with the U(1) anomaly.
C.2 4d N = 1 chiral multiplet on Mg,p × S1
We can run a similar computation for a chiral multiplet (of R-charge r = 1) on
Mg,p × S1. As reviewed in section 4.4, the partition function on that space can be
factorized into contributions from “fibering and flux operators.” The flux operator
computation is essentially identical to the T 2 computation above. We then focus on
the fibering operator contribution.
The fibering operator for the chiral multiplet, FˆΦ1 , is given formally by the infinite
product [5]:
FˆΦ1 (ν) ≡
∏
n,m∈Z
[
1
τ 22
(ν +m− τn)
]n
. (C.20)
We will compute the absolute value of this expression, by a careful zeta-function
regularization of the quantity:∣∣∣FˆΦ1 (ν)∣∣∣2 ≡ ∏
n,m∈Z
(λm,n)
n , where λm,n =
1
τ 22
|ν +m− τn|2 . (C.21)
We will write ν = τaψ − at, to match the 4d notation in the main text. Following
the 2d computation in the last section, we introduce the zeta function:
ζF (s) =
∑
m,n∈Z
nλ−sm,n =
1
Γ(s)
∫ ∞
0
dt ts−1
∑
m,n∈Z
ne−tλm,n , (C.22)
so that we have:
log |FˆΦ1 (u)|2 = −
d
ds
ζF (s)
∣∣∣∣
s=0
. (C.23)
Let us define:
G(t) =
∑
m,n∈Z
ne−tλm,n . (C.24)
In order to use the Poisson summation formula, we decompose G(t) into a linear
combination of two functions periodic in ν → ν + 1 and ν → ν + τ :
G(t) = G(1)(t) + aψ G
(2)(t) , (C.25)
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where:
G(1)(t) =
∑
m,n∈Z
(−aψ + n)e−tλm,n , G(2)(t) =
∑
m,n∈Z
e−tλm,n . (C.26)
Note that G(2)(t) is equivalent to (C.12). On the other hand, G(1)(t) can be computed
by applying the Poisson summation formula (C.16) twice. We find:
G(1)(t) =
iπ2τ2
t2
∑
m,n∈Z
(n +mτ1)e
2πi(naψ+mat)e−π
2|n+mτ |2/t . (C.27)
We can also decompose the zeta function (C.22) accordingly:
ζF (s) = ζ
(1)
F (s) + aψ ζ
(2)
F (s) , (C.28)
with:
ζ
(i)
F (s) =
1
Γ(s)
∫ ∞
0
dt ts−1G(i)(t) , i = 1, 2 . (C.29)
The t integral for ζ
(1)
F (s) converges provided that Re(s) < 2. We have
ζ
(1)
F (s) =
iπ2τ2Γ(2− s)
Γ(s)
∑
n2+m2>0
(n +mτ1)e
2πi(mat+naψ)
(
1
π2|n+mτ |2
)2−s
. (C.30)
As in the 2d case, one can show that the infinite sum uniformly converges when
Re(s) < 3
2
, if we sum over n ∈ Z first with fixed m:
ζ
(1)
F (s) =
iπ2τ2Γ(2− s)
Γ(s)
∑
n 6=0
ne2πinaψ
(
1
π2n2
)2−s
+
iπ2τ2Γ(2− s)
Γ(s)
∑
m6=0
e2πimat
∑
n∈Z
(n+mτ1)e
2πinaψ
(
1
π2|n+mτ |2
)2−s
.
We have:
d
ds
ζ
(1)
F (s)
∣∣∣∣
s=0
=
iτ2
π2
∑
n 6=0
e2πinaψ
n3
+
iτ2
π2
∑
m6=0
e2πimat
∑
n∈Z
e2πinaψ
(n+mτ1)
|n+mτ |4 .
(C.31)
The first line evaluates to:
iτ2
π2
∑
n 6=0
e2πinaψ
n3
=
iτ2
π2
(
Li3(e
2πiaψ)− Li3(e−2πiaψ)
)
= −iτ2
π2
(
1
6
(2πiaψ − iπ)3 + π
2
6
(2πiaψ − iπ)
)
= −2πτ2
(
2
3
a3ψ − a2ψ +
1
3
aψ
)
.
(C.32)
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and the second line in (C.31) can be again computed using the Poisson summation
formula:
iτ2
π2
∑
m6=0
e2πimat
∞∑
n=−∞
e2πinaψ
(n+mτ1)
|n+mτ |4
=
∑
k∈Z
∑
m6=0
e2πimat
|m| (−aψ − k)e
−2π[|m|τ2|aψ+k|+imτ1(aψ+k)]
=−
∞∑
k=1
log |1− y−1qk|2k +
∞∑
k=1
log |1− yqk|2k + aψ log |θ0(ν, τ)|2
=− log |Γ0(ν, τ)|2 + aψ log |θ0(ν, τ)|2 ,
(C.33)
with Γ0(ν, τ) defined as in (B.9). Combining all the terms, we have:
− d
ds
ζF (s)
∣∣∣∣
s=0
= − d
ds
(
ζ
(1)
F (s) + aψζ
(2)
F (s)
)∣∣∣∣
s=0
= −2πτ2
(
a3ψ
3
− aψ
6
)
+ log |Γ0(ν, τ)|2 .
(C.34)
Therefore, we found:∣∣∣FˆΦ1 (ν, τ)∣∣∣2 = exp [−2πτ2(a3ψ3 − aψ6
)]
|Γ0(ν, τ)|2 . (C.35)
This expression does not admit a holomorphic square root. We have:
FˆΦ1 (ν, τ) = exp
[
−πτ2
(
a3ψ
3
− aψ
6
)]
Γ0(ν, τ) , (C.36)
up to a phase factor.
D. Large-gauge transformations and the anomaly polynomial
In the presence of ’t Hooft anomalies, the partition function Z[a], viewed as a func-
tional over the space of background gauge fields aµ, M, is not a “function” over M
but rather a non-trivial section of a line bundle:
L →M . (D.1)
In the case of free fermions, the partition function is the “determinant” of a Dirac
operator, and L is then know as the determinant line bundle. The anomalies of the
theory are encoded invariantly in terms of the non-trivial topology of L [77].
In this appendix, we compute explicitly the first Chern class of the determi-
nant line bundle is some simple cases, with Z[a] depending only on background flat
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connections. The first Chern class c1(L ) can be obtained by pushing-foward the
anomaly polynomial onto space-time [77], and it is thus determined directly by the
anomalies. In this approach, it is easy to see that, even as we restrict ourselves to a
subspace of flat gauge fields aµ, M0 ⊂M, the anomaly still implies that the partition
function must transform non-trivially under large gauge transformations.
D.1 Determinant line bundles on J(T 2) and torus partition function
Consider a 2dN = (0, 2) supersymmetric theory coupled to a U(1) background gauge
multiplet VF . In the presence of a t’Hooft anomaly, the partition function Z(ν, τ),
with a fixed complex structure τ , can be thought of as a section of a holomorphic
line bundle L over the Jacobian torus:
ν ∈ J(T 2) ∼= T 2 , (D.2)
with ν = τax − ay as in section 2. Let N be the product space J × T 2, with the
projection map:48
J × T 2 π−→ J . (D.3)
Then, L can be obtained from the Poincare´ line bundle L over J × T 2 of degree
zero.49 The first Chern class of the “determinant line bundle,” L , is obtained by
pushing-forward the 4-form anomaly polynomial on T 2, according to [77]:
c1(L ) =
∫
T 2
ch(L) ∧ Aˆ(TN )
∣∣∣
4-form
. (D.4)
In particular, under the large gauge transformation:
ν → ν + 1 , ν → ν + τ , (D.5)
the T 2 partition function should pick up a phase determined by the curvature of the
line bundle (D.4). Since the tangent bundle on T 2×J is trivial, (D.4) can be written
as:
c1(L ) =
∫
T 2
1
2
c1(L)2 . (D.6)
We can decompose c1(L) as:
c1(L) = δ0,2 + δ1,1 + δ2,0 , (D.7)
where δp,q is a p-form along T
2 and a q-form along J . Now, we have:
c1(L ) =
1
2
∫
T 2
(
δ21,1 + 2δ2,0δ0,2
)
. (D.8)
48We denote by T 2 the physical spacetime, and by J the Jacobian.
49The Poincare´ line bundle L for a curve Σ is defined by the property that, when we restrict to
a point L ∈ J , it reduces to L on Σ ∼ Σ× {L}. L is defined up to a pull-back of a line bundle R
on J , i.e., L ∼ L′ ⊗ π∗R. See [78] for a detailed explanation.
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Restricting ourselves to flat gauge fields on T 2, f = da = 0, we are left with:
c1(L ) =
1
2
∫
T 2
(δ1,1)
2 . (D.9)
This can be computed by explicitly constructing the locally holomorphic section of
L [79]. One can show that:
c1(L ) = Aqq ω , (D.10)
where Aqq is the quadratic ’t Hooft anomaly, and ω is the normalised Ka¨hler form
on J . For a theory coupled to a general abelian background gauge multiplet, the
parameter space is a product of the Jacobian tori for each U(1)α, and the formula
generalises to:
c1(L ) = 2πAαβdax,αday,β , (D.11)
where να = ax,ατ − ay,α. In particular, the connection on the line bundle L can be
locally chosen as:
A = 2πAαβ (c · aα,xdaβ,y − (1− c) · aβ,ydaα,x) , (D.12)
for any c ∈ R. This implies that a section Z(n) of the line bundle L picks up a
phase under the large gauge transformation along a 1-cycle γ, as:
φγ : Z(ν)→ eiΛγ(ax,ay)Z(ν) , (D.13)
when the connection transforms as δγA = dΛγ. More explicitly, we have
Z(να + 1, τ) = e
2πi(1−c)Aαβaβ,xZ(ν, τ) ,
Z(να + τ, τ) = e
2πicAαβaβ,yZ(ν, τ) .
(D.14)
For 2d N = (0, 2) supersymmetric theories, the consistency of the gauge anomaly
with supersymmetry fixes the constant c = 1
2
, as explained in the main text.
Modular transformation The relation between the gravitational anomaly and
the behaviour of the partition function under the SL(2,Z) modular transformation:
T : (ax, ay, τ)→ (ax, ay + ax, τ + 1) ,
S : (ax, ay, τ)→ (ay,−ax,−1/τ) ,
(D.15)
can be understood in a similar way, as explained in detail in [80]. We view the
parameter space Y as a fibration:
J → Y → H/SL(2,Z) , (D.16)
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where the fiber at each point τ ∈ H/SL(2,Z) is the Jacobian J (with the complex
structure induced by τ). Now let N be the product T 2 × Y . Again, the first chern
class of L over Y can be computed from the anomaly polynomial:
c1(L ) =
∫
T 2
ch(L) ∧ Aˆ(TN )
∣∣∣
4-form
=
1
2
c1(L)2 + 1
24
∫
T 2
p1(TN )
(D.17)
In the absence of the flavour symmetry, the first Chern class is determined by the
gravitational term:
c1(L ) =
kg
2
λ , (D.18)
where λ is the first Chern class of the Hodge bundle over H/SL(2,Z). This implies
that the partition function, Z(τ), transforms as the one-dimensional representation
of SL(2,Z):
Z(τ + 1) = e−iπkg/6Z(τ) , Z(−1/τ) = eiπkg/2Z(τ) . (D.19)
Now, let us couple the theory to the flat background gauge for the flavour symmetry,
ν ∈ J . The first term of (D.17) implies that the connection on the line bundle
restricted to the fiber direction can be locally written as (D.12), which transforms
under the T operation as:
δTA = πAαβ(2c− 1)d(aα,xaβ,x) , (D.20)
and under S as:
δSA = −2πAαβ(2c− 1)d(aα,xaβ,y) . (D.21)
Therefore the section Z(ν, τ) of L → Y transforms as:
Z(ax, ay + ax, τ + 1) = e
−iπkg/6eπiA
αβ(2c−1)aα,xaβ,xZ(ax, ay, τ) ,
Z(ay,−ax,−1/τ) = eiπkg/2e−2πiAαβ (2c−1)aα,xaβ,yZ(ax, ay, τ) ,
(D.22)
under the T and S transformations, respectively. In particular, given the “supersym-
metric” value c = 1
2
, the flavour dependence drops out and we reproduce the simple
formulae (2.70) and (2.71).
D.2 Large gauge transformations for the 4d partition function
Consider now the supersymmetric partition function on Mg,p × S1. Now, a super-
symmetric U(1) background gauge field is characterized by an integer m ∈ Z (if
p = 0) or m ∈ Zp (if p 6= 0), and by a complex parameter ν, with the identifications:
(ν,m)→ (ν + 1,m) , (ν,m)→ (ν + τ,m+ p) , (D.23)
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under large gauge transformations.
Here, we will only discuss the case p = 0, corresponding to Σg × T 2. Then, ν
is valued in the Jacobian torus J(T 2), and the discussion above generalizes easily.
The Σg × T 2 partition function can be built out of the (non-holomorphic) flavor flux
operator and handle-gluing operator. As a special case of the discussion in the main
text, the flux operator of a free chiral is given by:
ΠˆΦ(ν, τ) =
e−πi(τa
2
ψ
−aψat)
θ(ν, τ)
, (D.24)
with ν = τaψ − at, and similarly for the handle-gluing operator. A general partition
function can be constructed from those building blocks. By explicit computation,
one can check that the non-holomorphic flux operators of a general 4d N = 1 gauge
theory transform as:
Πˆα(να + 1, τ) = (−1)Aαβe−πiAαβγaψ,γ Πˆα(ν, τ) ,
Πˆα(νβ + τ, τ) = (−1)Aαβe−πiAαβγat,γ Πˆα(ν, τ) .
(D.25)
These relations can be understood as before, on general grounds (except for the sign,
which is more subtle).
For a fixed background gauge flux −m on the base Riemann surface Σg, following
the discussion in section D.1, we consider the product space N6 = J ×Σg × T 2 with
the projection π onto J :
J × Σg × T 2 π−→ J. (D.26)
The determinant line bundle L on J can be obtained from the line bundle L−m on
N6:
L−m = L−m ⊗ L , (D.27)
where L−m is the pull-back of the line bundle of degree −m on Σg, and L is the
pull-back of the Poincare´ line bundle of degree zero for T 2. The first Chern class of
L can be computed from the 6-form anomaly polynomial, according to the formula:
c1(L ) =
∫
Σg×T 2
ch(Lm) ∧ Aˆ(TN6)
∣∣∣
6-form
. (D.28)
Since p1(TN6) = 0, we have:
c1(L ) =
1
6
∫
Σg×T 2
c1(L−m)3 . (D.29)
It is convenient to decompose the integrand into a linear combination of type δp,q,r,
the p- ,q- and r-forms along the Σg, T
2 and J , respectively:
c1(L−m) = δ2,0,0 + δ0,2,0 + δ0,0,2 + δ1,1,0 + δ0,1,1 + δ1,0,1 . (D.30)
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Since δ0,2,0 = δ1,1,0 = 0 for our background, the expression reduces to:
c1(L ) =
1
2
∫
Σg×T 2
δ2,0,0δ
2
0,1,1 . (D.31)
The integration over Σg gives∫
Σg
δ2,0,0 = −Aqqqm−AqqR(g − 1) , (D.32)
in terms of the ’t Hooft anomaly coefficients. The integration over T 2 can be done
as in (D.9). We conclude that, for a theory coupled to a general abelian background
gauge field, we obtain
c1(L ) = −Aαβγmαdax,βday,γ −ARαβ(g − 1)dax,αday,β . (D.33)
Note that this is linear in m. This then explains the large gauge transformations
(D.25) for the flux operator, exactly as in section D.1. The second term in (D.33)
similarly determines the transformations properties of the handle-gluing operator.
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